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PREFACE. 



In the present Treatise the Conic Sections are dehued 
with reference to a focus and directrix, and I have 
endeavoured to place befox*e the student the mo»t 
important properties of those curves, deduced, as 
closely as possible, from the definition. 

The construction which is given in the first Chap- 
ter for the determination of points in a conic section 
possesses several advantages ; in particular, it leads at 
once to the constancy of the ratio of the square on the 
ordinate to the rectangle under its distances from tlie 
vertices; and, again^ in the case of the hyperbola, the 
directions of the asymptotes follow immediately from 
the construction. In several cases the methods em- 
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ployed are the same as those of Wallace, in the 
Treatise on Conic Sections, published in the Ency- 
clopcedia MetropolUana. 

The deduction of the properties of these curves 
from their definition as the sections of a cone, seems 
d priori to be the uatural method of dealing with the 
subject, but experience appears to have shewn that 
the discussion of conies as defined by their plane pro- 
perties is the most suitable method of commencing an 
elementary^ treatise, and accordingly I follow the 
fashion of the time in taking that order for the treat- 
ment of the subject. In Hamilton's book on Conic 
Sections, published in the middle of the last century, 
the properties of the cone are first considered, and 
the advantage of this method of commencing the 
subject, if the use of solid figures be not objected to, 
is especially shewn in the very general theorem of 
Art. (150). I have made much use of this treatise, 
and, in fact, it contains most of the theorems and 
problems which are now regarded as classical propo- 
sitions in the theory of Conic Sections. 

I have considered first, in Chapter I., a few simple 

properties of conies, and have then proceeded to the 

^uiiicular properties of each curve, commencing with 
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the parabola, as in some respects, the simplest form 
of a conic section. 

It is then shewn, in Chapter YI., that the sections 
of a cone by a plane produce the several curves in 
question, and lead at once to their definition as loci, 
and to several of their most important properties. 

A chapter is devoted to the method of orthogonal 
projection, and another to the harmonic properties 
of curves, and to the relations of poles and polars, 
including the theory of reciprocal polars for the par- 
ticular case in which the circle is employed as the 
auxiliary curve. 

For the more general methods of projections, of 
reciprocation, and of anharmonic properties, the stu- 
dent will consult the treatises of Ohasles, Poncelet, 
Salmon, Townsend, Ferrers, "Whitworth, and others, 
who have recently developed, with so much fulness, 
the methods of modern Geometry. 

I have to express my thanks to Mr R. B. Wor- 
thington, of St John's College, and of the Indian 
Civil Service, for valuable assistance in the construc- 
tions of Chapter XI., and also to Mr R Hill, Fellow 
of St John's College, for his kindness in looking over 
the latter half of the proof sheet:"). 



yiii Preface, 

I venture to hope that the methods adopted in 
tbiB treatise will give a clear view of the properties 
of Conic Sections, and that the numerous Examples 
appended to the various Chapters will be useful as 
an exercise to the student for the further extension 
of his conceptions of these curves. 

« 

W. H. BESitNT. 

Cambbibob, 

March, 1869. 
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CONIC SECTIONS. 



INTRODUCTION. 



DEFINITION. 

1. TF a straight line and a point be given in position in 
•i- a plane, and if a point move in the plane in such a 
manner that its distance from the given point always bears 
the same ratio to its distance from the given line, the curve 
traced out by the moving point is called a Conic Section. 

The fixed point is called the Focus, and the fixed line 
the Directrix of the conic section. 

When the ratio is one of equality, the curve is called a 
Parabola. 

When the ratio is one of less inequality, the curve is 
called an Ellipse. 

When the ratio is one of greater inequality, the curve is 
called an Hyperbola. 

These curves are called Conic Sections, because they 
can all be obtained ftx)m the intersections of a Cone by 
planes in different directions, a fact which will be proved 
hereafter. 

It may be mentioned that a circle is a particular case 
of an ellipse, that two straight lines constitute a particular 
B. 0. s. 1 



2 IfUroduction. 

case of an hyperbola, and that a parabola may be looked 
upon as the limiting form of an ellipse or an hyperbola, 
under certain conditions of variation in the lines and 
magnitodes vpoa. which those curyes depend for their 
fomL 

The object of the following pages is to discuss the 
general forms and characters of these cmres, and to de- 
termine their most important properties by help of the 
methods and relations developed in the first six books, and 
in the deventh book of Euclid, and it will be found that^ 
for this purpose, a knowledge of Euclid's Geometry is all 
that is necessary. 

The series of demonstratdons will shew the characters 
and properties which the curves possess in common, and 
also the special characteristics wherein they differ from 
each other; and the continuity with which the curves pass 
into each other will appear both from the definition of a 
conic section as a Locus, or curve traced out by a moving 
point, as well as from the &ct that they are deducible from 
the intersections of a cone by a succession of planes. 



CHAPTER I. 



PROPOSITION I. 

The Conttruction of a Conic Section, 

2. nn AKE i9 as the focus, and from S draw SX at right 
X angles to the directrix, and intersecting it in the 
point X. 

DEFiNinoir. Thii line SX, produced both wapit is 
called the Axis of the conic section. 

In 8X take a point A snch that the ratio of 8 A to 
AX is equal to the given ratio; then ^ is a point in the 
cnnre. 

Def. The point A is called the Vertex qf the curve. 

In the directrix EX take any point E, join EAptaid 
ESf produce these lines, and through S draw the straight 
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4 Conic Sections. 

line SQ making with ES produced the same angle which 
ES produced makes with the axis SN» 

Let P be the point of intersection of SQ and EA pro- 
duced, and through P draw LPIT parallel to NX, and 
intersecting ES produced in Z, and the directrix in JT. 

Then the angle PLS is equal to the angle LSN and 
therefore to PSL ; 

Hence SP=PL, 



Also 



and 



PL : A8 :: EP : EA 
:: PK ', AX; 
:. PL : PK V, AS \ AX; 
/. SP : PK ;: AS : ^X 



The point P is therefore a point in the curve required, 
and by taking for E successive positions along the directrix 
we shall, by this construction, obtain a succession of points 
in the curve. 

If E be taken on the upper side of the axis at the 
same distance from X, it is easy to see that a point P will 
be obtained below the axis, which will be similarly situated 
witlt regard to the focus and directrix. Hence it follows 
that the axis divides the curve into two similar and equal 
portions. 

3. Another point of the curve, lying in the straight 
line KP, can be found in the following manner. 




Through S draw the straight line FS making the angle 
FSK equal to KSP and let JFVS' produced meet KP pro- 
duced in P', 



Canto Sections. 5 

Then, since JT^ bisects the angle PSF, 
SP" : SP :: P'K : PK\ 
:. JSP' : P'JT :: SP : PET, 
and P' is a point in the curve. 

4. Def. The Eccentricity. 77ie constant rcttio qf the 
distance flrom the focus qf any point in a conic section to 
its distance Jhrni the directrix is coiled the eccentricity 
qfthe conic section. 

The Lotus Rectum, If ^be so taken that EX is equal 
to SX, the angle PSN, which is double the angle LSN, 
and therefore double the angle ESX, is a right angla 

For, since EX-SXy the angle ESX-SEXy and, the 
angle SXE being a right angle, the sum of the two angles 
SEX, ESX, which is equal to twice ESX, is also equal to 
a right angle. 

Calling R the position of P in this case produce RS to 
R^j so that R'S^RS; tiien Rf is also a point in the curve. 
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Dbp. The straight line RSR drawn through the focus 
(xt right angles to the axis^ and intersecting the curve in R 
and B^ is called the Lotus Rectum, 

It is hence evident that the form of a conic section is 
determined by its eccentricity, and that ifcs magnitude is 
determined by the magnitude of the Latus Rectum* 

5. DBF. The straight line PN (Fig. Art. 2), draum 
from amy point P of the curve at right angles to the aanSf 
and intersecting the axis in N, is called the Ordinate of 
the point P, 
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If the line PiV be produced to P" so thatJVPsAP, 
the line PNP' is a double ordinate of the curve. 

The latiu rectum is therefore the double ordinate pass- 
ing through the focus. 

Def. The distance AN qf the foot of the ordinate 
from the vertex U called the Abscissa of the point P. 

Def. The distance SP is called the focal distance qf 
the point P. . 

It is also described as the radius yector drawn from the 
focus. 

6. D^/kiition of the Tangent to a curve. 

If a straight line, drawn through a point P qf a 
curve, meet the curve again in P', and if the straight line 
be turned round the point P until the point P' approaches 
ind^imitdy near to P, the tdtimate position of the straight 
line is the tangent to the curve at P. 




Thus, if the straight line APP turn round P until the 
points P and P' coincide, the line in its ultimate positioD 
PT is the tangent at P. 

Def. The normal at any point qf a curve is the 
straight line drawn throtigh the point at right angles to 
the tangent at that point 

Thus, in the figure, PG is the normal at P. 

7. We have now given a general method of constructing 
a conic section, and we hare explained the nomenclature 
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fduch is mmally employed We proceed to demonsirate a 
few of the properties which are conunon to all the conio 
aectfona. 

For the fatnre the word conic will be employed as an 
abbremtion for conic sectioiL 

Fbop. XL ff the straight line joining two points 
P^P'ofa eonie meet the directrix in F^ the straight line 
FJSmU bisect the angle between P 8 and PS produced. 




Draw the perpendiculars PK, P'K'f on the directrix* 
Then SP : 8P :: PK : P'K' 

:: PF : PF. 

llierefore F8 bisects the enter angle^ at 8, of the tri- 
angle P8P, (Enclid, tl a.) 

U 8Q bisect the angle P/S'P', it foUows that J^>5Q is a 
rig^ angle. 

Let the point P more along the cnire towards P ; then, 
as P approaches to coincidence with P, the straight line 
FP approximates to, and nltimately becomes, the tangent 
TP at P. But, when P' coincides with P, the line 8Q 
eomcides with 8Pf and the angle F8P which is nltimately 
T8Pf becomes a right angle. 

Hence the straight line^ drawn from the focus to the 
poifU in which the tangent meets the directrix, is at right 
angles to the straight line drawn from the focus to the 
point qf contact. 
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Conies, 




Or, in other words, the portion of the tangent intercept- 
ed between the point of contact and the directrix, subtends 
a right angle at the focus. 

8. If a chord EAP be drawn through the vertex, and 
the point P be near the vertex, the angle PSJ is smaU, 
and LSN which is half the angle ^ 

PSN is nearly a right angle. 
The angle ASE is therefore 
nearly a right angle, and SEX 
ia a small angle, and AES is, 
a fortiori, a small angle, and 
vanishes when ASE is a right 
angle. 

As P approaches to coinci- 
dence with Ay the angle LSN 
becomes ultimately a right an- 
gle, and therefore ASE is ulti- 
mately a right angle. 

Hence the angle EAX which 
is the sum of the angles AES^ 
ASE, is a right angle when P 
coincides with A, 

But, when P approaches to coincidence with A, then 
EAP approximates to the position of, and ultimately be- 
comes, the tangent at A» 

The tangent at the veriex is there/ore at right angles to 
the aais, 

9. Pbop. III. No straight line can meet a conic in 
more than two points. 

In the figure of Prop, ii, let P be a point in the curve, 
draw any straight line FPy join SF, and draw SQ at 
right angles to SF. Draw SP" making the angle QSP' 
equal to QSP ; then P' is a point in the curve. For, since 
SF bisects the outer angle at S, 

SP' : 8P :: P'F : PF 

:: PK' : PJT; 

.-. 8P : rX' :: SP : PX, 

and P' is a point in the curve. 

Also, there is no other point of the curve in the straiirht 
ne FP, 
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For suppose if possible P'' to be another point and 
draw P''JS7' perpendicular to the directrix, 

then SP"' : SP :; P^'K'' : PK 

:: P'^P : PF; 

therefore FS bisects the angle between PS and P^^S pro- 
duced. 

But FS bisects the angle between PS and P^S pro- 
duced, which is impossible miless P^' coincides with P'. 

10. Pbop. IV. ITie tangents at the ends qf a focal 
chord intersect in the directrix. 




For the line SF perpendicular to SP, meets the direc- 
trix in the same point as the tangent at P ; and, since 
FS is also at right angles to SP*, the tangent at P^ meets 
the directrix in the same point F. Conversely, if from any 
point F in the directrix tangents be drawn, the chord of 
contact, that is, the straight line joining the points of con- 
tact, will pass through the focus and will be at right angles 
toSF. 

Gob. Hence it follows that the tangents at the ends 
of the latus-rectum pass through the foot of the directrix. 

11. Peop. V. The straight lines joining the extremi- 
ties qf two focal chords intersect in the directrix. 

If PSpy P'Sp' be the two chords, the point in which PP' 
meets the directrix is obtained by bisecting the angle PSP' 
and drawing SF at right angles to the bisecting line SQ. 
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Bat this line also bisects the angle pSj/; therefore pp' 
also passes through F. 

llie line SF bisects the angle PSj/y and similarly, 
if QS produced, bisecting the angle pSp\ meet the direo- 
trix in F', the two lines Pp\ P'p will meet in F'. 

It is obyions that the angle F8F' is a right angle. 

CoEOLLABT. If the straight line bisecting P8P' meet 
the curve in q and ^ and Fq^ F^ be joined^ these lines 
will be the tangents at q and q[, (Prop, iv.) 

Hence, if from a point F in the directrix tangents be 
drawn, and also any straight line FPP' cutting the curve 
in P and P^, the chord of contact will bisect the angle 
PSP'. 

12. Peop. VI. If the tangent at a/ny point P qf a 
conic intersect the directHoo in F, and the lattis rectum 
prodticed in 2), 

SD : SF :: SA : AX. 



Ccntc8» 
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Jom SE'i then, obseirlng 
ibatFSP and FKPsre right /^ 
angles, a drde can be de- 
scribed aboat FSPK, and 
therefore the angles SFD, 

8KP are equal* 

Also the angle J^/SD 

= complement of DSP 
=8PK^ 
:. thetriangle8i^/S2>,/SPir 
are siniilar^ and 

SD : 8F :: 8P : PK 
8A : AX. 







Cob. (1). If DE be drawn at r^ht angles to /fiP, 
8E IS eqnal to the semi-latos rectouL 

For 8DE^ 8FX are similar triangles, and 

8E : SX :: SD : SF 

:: 8A : AX 

:: SB : SX. 
iffi^ is therefore equal to SB, the senii4atiis rectnuL 

Cob. (2). If the tangents at the ends of a focal chord 
meet the latos rectom in D and ZX, 

SD^SD^. 

For the tangents meet the directrix in the same point F^ 
and, by the same reasoning as in Prop, vi. 

Sir : SF :: SA : AX; 

SD=SD^. 



• • 



13* Pbop. YII. The tangents drawn from any poifU 
$0 a conic subtend equal angles at the focus. 

Let the tangents FTP, FTP" at P and P^ meet the 
directrix in F and F' and the latus rectum in D and 2X. 

Join STaad produce it to meet the directrix in K; 
then XF : SD :: XT : ST 

:: XF' : SD^. 
Henoe XF : XF :: SD : SD^ 

:: SF : SF' by Prop, vl,' 
.'. the angles TSF, TSF' are equal 
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Comics* 




But the an^es FSP^y I*SP «rd eq[iial, Ibr mA is the 
eemplement of FSF* ; 

A the Muglea TSPy TSP^ «re eqmL 

Ck>m. Hence it Mows that if peipendioQlttrs, TM^ 
TIT be let ML l^Kn jSP and ^SP", they are equal in 
length. 

For the two trianglQB TSM^ TlSM* hare the angies 
TMS, TSM respectiTelj equal to the angles TM'S 
TSM*y and the side I^eommon ; and theratore the other 
sides are equal, 

and TM^ TJT. 

14. Prop. Y IIL ^Jrem «mp fMmi Timths kmffmU 
at a point P (^ a conicy TM he drawn perprndicukar to 
the focal di^ance SPy and TN perpmdienlar to the 
directriMy 

SM: TN::SA : AX. 
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For, if PET be perpendicular to the directrix and SF be 
joined, 

SJif ; SP :: TF : FP 

:: TN : PiT; 

.-. SM ; TiV^ :: SP : P^ 

:: /S4 : AX. 

This proposition, which is due to Professor Adams, 
may also be employed to prove Prop, vii, and, moreoyer, 
it suggests an obvious method of drawing tangents from 
any point to a conic. 

For, if T be the point, and a circle be described about S 
as centre, the radius of which bears to TN the ratio of 
SA : AX, and if tangents TM, TM' be* drawn to the 
circle the straight lines SM^ SM\ produced if necessaiy, 
will intersect the conic in the points of contact of the 
tangents from T, 

15. PBOP..IX. If PQ the normal at P meet the 
aixU qfths conic in G, 

SQ ; SP :: SA ; AX. 




Let the tangent at P meet the diwctrix in P, and the 
latus rectum produced in D. 

Then the angle SPQ=^e complement of SPF 

and the angle PSO= the complement of FSX 

=FSD\ 
.'. the triangles SDF, SPG are similar, and 

SG : SP :: SD : SF 

:: SA : AX, by Prop. vr. 
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16. Pbop. X, ff a tangent be drawn paraUd to a 
chord qf a eonie, the portion cf this tangent which m 
intercepted by the tangents at the ends qf the chord is 
bisected at the point qf contact. 




Let PP' be the chord, TP, TP' the tangents, and 
EQE' the tangent parallel to PP". 

From the focus S draw SP, SP' and SQ, and draw Mf, 
7*Jf^ perpendicular respectively to /SP, SP\ 

Also draw from E perpendiculars EN, EL, upon SP, 
SQ, and from E' perpendiculars E'N', E'L' upon SP^ 
2aASQ. 

Then, since EE is parallel to PP^ 

TE : EP :: TE' : E'P", 
but TE : EP :: TM : EN, 

and TE'.iE'P':: TM' : E'N\ 

:. TM : EN :: TM : EN' \ 
but Mf = TM\ Cor. Prop, vii ; 

.-. EN^WN', 
Again, by the same corollary, 

EN=EL and EN'^EL'\ 
.-. EL=E'L', 
and, the triangles j^ZQ, ^'Z'Q being similar, 
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OoB. If TQ be produced to meet PP' in F, 

PV : EQ :: TV : TQ, 

and PT: J&'Q :: TV : TQ; 

.-. PV^P'V, 

that is, PP' is bisected in V. 

Hence, if tangents be dravm at the ends qf amy cJwrd 
qf a comc^ the point qf intersection qf these tangents, the 
middle point of the chord, and the point qf contact qf the 
tangent paraUd to the chord all lie in one straight line, 

17. Psop. XI. T?ie semirkttus rectum is an harmonic 
mean between the ttoo segments qf any focal chord qf a 
conic, 

Bbf. Three magnitudes are said to be in harmonic 
progression when the first is to the third as the difference 
between the first and second is to the difference between 
the second and third : and the second magnitude is said 
to be an harmonic mean between the first and third. 
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Let P^SP* be a focal chord, and draw the ordinates 
PN, P'N'. 

Then the triangles SPN, SP'JV are similar ; 
/. SP : SP' :; SN : SN' 

:: NX-SX : SX-ISTX 
:: SP-SR : SB-SP', 

since SP, SB, SP' are proportional to NX, SX, and 
SP". 
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18. Peop. XII. If from G, the point in which the 
normal at P meets the aasis, GL he draton perpendicular 
to SP, the length PL is equal to the semi-lattis rectum. 




Produce PS to meet the curve in P' ; let -P be the 
point of intersection of the tangents at P and P\ and join 
SF. 

Draw the normals PG, P'G', and draw GL, G'V at 
right angles to PSP\ 

Then LPG, SPF are similar triangles, and 

PL : SF :: LG : SP. 
Similarly P'L' : SF :: L'G' ; SP'. 

But LG : L'G' :: SG : SG' 

:: SP : SP" by Prop. ix. 
.-. LG : SP :: UG' : SP'. 
Hence PL : SF :: P'Z' : SF, 
and PL=P'L'. 

Again, .SP : /SP :: /S6? : SG' 

:: /SX : .SX' 
:: SP-PL : PL-SP', 

and PZ is therefore an harmonic mean between SP and 
SP'. 

Hence, Prop, xi, PL is equal to the semi-latus 
reotum. 

19. Pbop. XIII. a focal chord is divided harmoni- 
oally at thefoctis and the point where it meets the directrix. 

Let PaSP' produced meet the directrix in F, and draw 
PK, P'^' perpendicular to the directrix, fig. art 17. 
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Then PF : P'F :: PK : P'K' 

SP : SP' 

PF-SF : SF-P'F; 

that is, PF, SFf and P'jPare in harmonic progression, and 
the line PP' is divided harmonically at S and F. 

20. Prop. XIII. If from any point F in the directrix 
tangents be drawn, and also any straight line FPP' 
ctMng ths cwrve in P and P*, the chord PP' is divided 
harmonically at F and its point qf intersection teith the 
chord qf contact. 




For, if QSQ^ be the chord of contact, it bisects the 
angle PSP', (corollary, Prop. V.), and /., if F be the point 
of intersection of SQ and PP', 

FP* : FP :: SP' : 8P 

P'V \ PV 

FP'-FV : FV-FP. 

Hence FV\a an harmonic mean between FP and FP\ 
The last two theorems are particular cases of more 
general theorems, which will appear hereafter. 
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CHAPTER 11. 



THE PARABOLA. 



D£F. A parabola is the curve traced out by a point 
which moves in such a manner that its distance from a 
giv&n point is always equal to its distance from a given 
straight line. 

Tracing the Curve, 




21. Let S be the focus, EX the directrix, and 8X the 
perpendicular on EX. Then, bisecting 8X in -4, the xx>iiit 
A is the vertex; and, if from any point E in the directrix, 
EAP, ESL be drawn, and from S the straight line SP 
meeting EA produced in P, and making the angle PSL 
equal to LSN^ we obtain {as in Art. (2)}, a point' P in the 
curve. 

For PL : PK :: SA : AX, 

and .-. PL=PK, 
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But 8P=PLy and .-. SP^PK. 

Again, drawing EP' parallel to the axis and meeting in 
P* the line PS produced, we obtain the other extremity of 
the focal chord PSP'. 

For the angle ESP' = PSL = PLS 

=SEP', 
and /. 8P'=P'E, 

and P' is a point in the parabola. 

The curve lies wholly on the same side of the directrix ; 




for, if P' be a point on the other side, and SN be perpen- 
dicular to P'K^ SP' is greater than P'JV, and therefore is 
greater than P'K, 

Again, a straight line parallel to the axis meets the 
curve in one point only. 

For, if possible, let P" be another point of the curve in 
KP produced. 

Then SP^PK and SP"=P"K^ 

:, PP"=SP"-SP, 

or PP^^SP^SP", 

which is impossible. 

Lastly, the curve has infinite branches; for, since 
PS=^PK=PL, it follows that Pis the centre of the circle 
passing through K^ Sy and Z, and therefore the angle KSL 
in a semicircle is a right angle ; hence it follows that, as E 
approaches X, the point K moves away from X, and there- 
fore the point P moves away from the axis, its distance 
becoming larger as the distance EX diminishes. Since 
ESK is a right angle the rectangle EX.KX is equal to 
SX^y and therefore when EX is indefinitely small, KX is 
indefinitely lai^ge. The curve therefore has two branches 
proceeding to infinity. 

2—2 
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22. Two?, I. Ths diitanee from the foem qfa point 
ineide a parabola it leit^and qfapoint outtide u greater, 
than it$ diitanee from the directrix. 

If Q be the point 
iiiiide, let fall the per- 
pendicnlar QPK on 
the directrix, meeting 
the carve in P. 

Thmi 8P^PQ>SQ, 
hai 8P^PQ 

=PjS:+PQ=QjS:y 
/. SQ<QK. 

If ^ be outside, and 
between P and f , 

SQf'^PQf:>SP, 
If ^ lie in PK produced, 



Z 






and 



SQf'\-SP>PQ^, 



23. Psop. II. The Lalui Rectum = 4 . AS. 

For if, Fig. Art 22, L8U be the Latus Rectum, draw- 
ing LK' at right angles to the directrix, we have 

LS=LK'=SX^2AS, 
.-. LSL*=4.AS. 



24. Mechanical eonstrtiction pf the Parabola, 
Take a rigid bar ^l. 

jT 




EITL, of which the por- 

tion8^ir,jrZ are at right 

angles to each other, and 

fjEusten a string to the 

end Lf the length of 

which is LIT. Then if 

the other end of the 

string be fastened to S, 

and the bar be made to slide along the directrix, a pendl 

at P, keeping the string stretched against the bar, will 

trace out a portion of a parabola. 
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95. Pbop. III. I/PNle the ordinaU qfa point P, 

Draw the lines PAEy 
BSL^ KPL^ and join 
8K. 

Then SP=PL^PK. 
Hence Jr/SX,and.*.JriS^, 
ia a right angle, 
VDidiEX.KX^SS? 

also 

AN:AX::PN:EX 

::PN*:EX.KX, 
::PIP:4AS*; 
.-. PN*^4AS.AN. 

26. Conyenely, if it be known that at eveiy point of a cuiYe 
the raUtion PN*^4AS. AN holds true, the oarre is a parabola. 

In NA produced take AX equal to A8, draw SXK at rig^t 
angles to XZV, and iTPX parallel to XiV^; alao draw PilJP, and J'iSXb 

Then AN i AX \: PN i EX, 

er AN:ASi:PN^:SX.KX, 

but PN*=^iA8.AN; 

.'. EX.KX^iAS»»8X^. 

Henoe K3B, and .*. XSX, is a right angk^ 

and, since 8A ^AX, PL:^PK; 

.'. 8P^PK, 

wfaidi is the definition of a parabola^ 

27. Pbop. IV. If from the end$ qf a foeai chord 
perpendiculare be let faU upon the direetrufj the inter" 
eepted portion qf the directrim mbtende a right angle at 
the focus. 

For, if the straight line through E parallel to the axis 
meet PS in P^, P^ ia the other extremity of the focal 
chord PSy and, aa hi Art 25, XSEiati right angle. 

Gob. Smce ES hiaecta the angle ASP", Art 21, it 
foUowa that KS biaecta the angle ASP. 
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28. Prop. V. The tangent at any point P bisects the 
angle between the focal distance SP and the perpendicular 
PKon the directrix. 

Let F be the point in which the tangent meets the 
directrix, and join SF. 

We have shewn, Arts. 7 
and 12, tliat FSP is a right 
angle, and that, if the latus- 
rectum produced meet the 
tangent in 2>, 

SD : SF :: SA : AX; 
but SA=:AX,aQd 
.\ SD=^SF 
Hence the angle SFP 
=8DF^PFKy 
and therefore the comple- 
mentary angles SPF, FPK 
are equal 

Cor. It has been shewn, in 
Art. (10), that the tangents at the ends of a focal chord 
intersect in the directrix, and therefore, if PS produced 
meet the curve in P', FP is the tangent at P', and bisects 
the angle between SP and the perpendicular from P' on 
the directrix. 

29. Prop. VL The tangents at the ends qf a focal 
chord intersect at right angles in the directrix. 

Let PaSP' be the chord, and 
PP, P'P the tangents meeting the 
directrix in F, 

Let fall the perpendiculars PJT, 
PK\mdioiaSE',S£:\ 

The angle P'SK'=\PSX 

=\SPK=SPF, 

.-. SK is paraUel to PF, 

and, similarly, ^^is parallel to P'P, 

But KSK is a right angle ; 
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30. PitoP.yiL ^ the tmgmt at any point Pqf($ para- 
bola m$et the ami in T, and PN be the ordinate qfP, thefi 

AT^AN. 
Draw PA' perpon- 
dioular to tho dirootrlx. 
The angle SPT 

^TPK 

^PTS, 

,\ ST^SP 

mPK 

mNX. 




Bat 



and 



Dsf. 



ST^^SA^AT, 
NX^AN^AX] 

.*• vtaooSA^AXf 

AT-=AN. 

The line NT it called the eub-tanffent. 

The lub-tangent is tliorefore twice tho abadsaa of tho 
point of oontaot 

31. Pbop. VIII. The/oot qf the perpendicular /torn 
the/boua on the tangefU at any point P qf a parabola lieu 
im the tangent at the vertea, and the perpendicular ie 
a mean proportional between tSP and SA* 

Taking the figure of the previoui article, Join ^A' 
meeting JP7 in Y. 

Then SP^PK, and PFii common to the two angloM 
SPY.KPYi 

also the angle SP F- YPX\ 

,•. tho angle /yyP^PyA"; 

and SYiB perpondioular to PT. 

Also SY=^XY, and SA^AX, .\SY\ YKw SA : AX, 
and AY{% parallel to KX, 

Hence, ^ y is at right angles to AS^ and is therefore 
the tangent at the vertex. 

Again, the angle SP r= STY^ 8 YA^ and the triangles 
SP YfSYAnxe therefore similar ; 

.\ JSP ; SY :: SY : SA, 

or SY^^SP.SA, 
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32. Pfiop. IX. In the pardbcla the iubnormal is 
eomtant and equai to the semi4atu9 Rectum, 

Dev. The dietance between the foot cf the ordinate 
qfPy and the point in which the normal at P meeti the 
axis is called the iubnormal. 



K 


P Z 


y 


^W^ 


\ 


T X 


A. S N G 



In the figure PG is the normal and PTthe tangent 

It has been shewn that the angle SPK is bisected by 
PT, and hence it follows that SPL is bisected by PO^ 

and that the angle SPG=GPL=POS; 
hence SG=:SP=:ST 

:=^2AS+SN; 
/• the subnormal 2Vi9=s2^/S'. 



88. Cob. TiOlhe drawn perpendicular to 8P, 

the angle ^P/=the complement of 8PT, 

=the complement of 8TPt 

=PON, 

and the two right-angled triangles GPN^ QPl have their angles 
equal and the side OP common ; hence the triangles are eqnal, 
and 

Pl=NQ=-2AS 

ssthe semi-latus Bectnm. 

It has been already shewn, Art. (18), that this property is a 
general property of all conies. 
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34 Pbof.X 7h dram Um^mU to m pmnMm /Hm 



Far this purpose we may employ the general oonsinie- 
tkm giTen in Art (14X or, for Uie spedal ease of ibe 
pwabob, tlie foUowiog constraction. 
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Let Q be the external point, join jS^, and upon SQ as 
diameter describe a curde interaeoting the tangent at the 
Tertex in Fand T. Join YQ, Y'Q; these are tangents 
to the parabola^ 

Draw SPy so as to make the angle yS!P equal to YSA^ 
and to meet YQ in P, and let M the perpendioolar PN 
upon the axis. 

Then, SYQ is a right angle, since it is tiie angle in a 
aemicirole, and, T being the point in which QF produced 
meets the axis, the two triangles SYPy SYT are equal in 
all respects; 

.-. SP^ST, and YT^ YP. 

But il Fis parallel to PiV; 

/. AT^AN. 
Hence SP^ST^SA+AT 

^AX-^AN 

and P is a point in the parabola. 

MoreoYer, if PK be perpendicular to the directrix, the 
angle SP F= 8TP = YPK, 

and P F is the tangent at P. Art. (28). 

Similarly, by making the angle F'^SP equal to ASY\ 
we obtain the point of contact of the other tangent QY\ 
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85. Peop. XI. Iffr<m a point Q tangents QP, QP" 
be drawn to a parabola, the two triangles SPQ, SQP'are 
similar, cmd SQ is a mean proportioned between SP 
andSP". 




Produce PQ to meet the axis in T, and draw SY, SY' 
perpendicularly on the tangents. Then Y and Y' ktq 
points in the tangent at A . 



The angle 



SPQ = STY 

=SYA 
=SQP', 



since SY^YQ are. points on a circle, and SYA, SQP" 
are in the same segment. 

Also, by the theorem of Art. (13), the angle 

PSQ^QSP', 

therefore the triangles PSQ, QSP' are similar, and 

SP : SQ :: SQ : SP. 



36. From the theorem of Art. 35 the following, which 
is often useful, inmiediately follows. 

If from any points in a given tangent cf a parabola, 
tangents be dravm to the curve, the angles which these 
tangents make with the focal distances qf the points fir(mi 
which they are drawn are aU eqtioi. 
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For each of them, by the theorem, is equal to the angle 
between the given tangent and the focal distance of tiie 
point of contact 

37. Since the two triangles PS^ QSP* are similar, we 

have 

Pq : P'Q :: SP : SQ 

and PCt : P'Q :: 8Q : SP", 

.-. P(P:P'Q*::SP :SP'; 

that is, the squares of the tangents from any point are pro- 
portional to the focal distances of the points of contact. 

This will be found to be a particular case of a subsequent 
Theorem. 

38. Pbop. XII. The external angle between two tan- 
gents is half i^ angle subtended at the focus by the chord 
ofconta>ct. 

Let the tangents at P and P* intersect each other in Q, 
and the axis A§N in T and T\ 

Join /SP, /SP'; then the angles SPT, STP are equal, 
and .-. STP is half the angle PSN\ similarly STP' is 
half P'SN. 




But TQT \& equal to the diflference between STP and 
ST'P', and is therefore equal to half the difference be- 
tween PSN and P'SN, that is to half the angle PaSP'. 

Hence, joining 8Q, TQT \a equal to each of the angles 
PSQ, PSQ. 
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», Twot. XIIL The iangenU drawn to a parabola 
fr^m amy point tnake the earns anglee, reepecHuiy^wUh the 
awie and the focal dietance qfthe point. 




Let QP, QP" be the tangents; join SP, and draw QE 
parallel to the axis, and meeting SP in E. 

Then, if PQmeet the axis in T, the angle 

EQP^STP^SPQ 

^SQP'. Art. (36). 

i, e. QP and QP" respectlyely make the same angles 
with the axis and with QS. 

40« Oonoeive a parabola to be drawn pmiriiig through Q, 
having 8 for its f ooni, 8N for its axis, and its Tertez on the same 
side otStm the vertex A of the giveo parabola. Then the normal 
at Q to this new parabola bisects the angle 8QB ; therefore the 
angles which QP and QP' make with the normal at Q are equal 

Hence the theorem. 

If from any foini in a parabokt, tangentt be drtnm to a 
eotrfoetU and eo-aaeuU pa/raJbolOf the normal at the point wiU bieeet 
the angle between the tangenU, 

In this enunciation the words co-axial and confocal are 
intended to imply, not merely the coincidence of the axes, but 
also that the vertices of the two parabolas are on the same side 
of their common focus. 

The reason for this wiU appear when we shall have diieiiMed 
the analogoos property of the eUipse. 
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41. Pbop. XIV. The circle paning through the 
pointe qfintereection qf three tangents pauee aUo through 
the/ocui. 




Let Q, P, Q^ he the three points of contact, and 
jP, T, F* the intersections of the tangents. 

In Art (35) it has been shewn that^ if FP, FQ be tan- 
gents, the angle 

8iiF^8FP. 

Similarly T!Q, TQl being tangents, the angle 

Si^T^STqi, 
hence the angle 8FF or 8FP = ^QT, 

and a circle can be drawn through 8^ F^ T, and F', 



42. Dxp, A straight line drawn parallel to the axis 
through any point qf a parabola is called a diameter. 
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7^e Parabola, 



Peop. XV. Iffrcm, any point T tangents TQ, TQf be 
drawn to a parabola, the point Tis equidistant from the 
diameters passing through Q and Q^, and the diameter 
drawn through the point T bisects the chord qf contact. 

Join SQ, SQ^, and draw TM, TM' perpendicular re- 
spectively to SQ and S^\ 




Also draw NTN perpendicular to the diameters 
through Q and Q', and meeting those diameters in N 
andiV^ 

Then, since T'/S' bisects the angle Q,SQ[, 

and, since TQ bisects the angle SQN, 

' TN= TM. 
Similarly TN'^TM\ 

:, TN^TN', 

Again, join QQ[, and draw the diameter TV meeting 
qq; in V\ also let Qr produced meet Q!N' in i?; 

then QV\VQf v.QT'.TR 

:: TN : TN\ 

since the triangles QTN, RTN' are similar; 

:. QV=V(r. 

Hence the diameter through the middle point of a 
chord passes, when produced, through the point qf inter- 
section qf the tangents at the ends of the chord. 

It should be noticed that any straight line drawn 
through T and terminated by QN and Q^N^ is bisected 
at r. 
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43. Pbop Xy» Any diameter buecU all chords 
parallel to the tangent at its extremity^ and passes through 
the point qf intersection qfthe tangents at the ends qfany 
qf these chords. 

Let QQ be a chord parallel to the tangent at P, and 
through the point of intersection T of the tangents at 
Q and Q" draw FTF' paraUel to QQ" and terminated at 
/'and F' by the diameters through Q and Qf, 

Let the tangent at P meet TQ, TQf in ^ and E% and 
QFy Q^F' in 6? and O'. 




Then EGiTFv.EQiTQ 

:: E'Qf : 2V 

:: E'G' : TF'. 

But TF^ TF,' since. Art (42), T is equidistant from 
QG and QfG\ 

:. EG=E'G'. 

also, EP=EGf since E is equidistant from QG and PF, 

.-. EP=E'P and GP=PG'. 

Hence P F being the diameter at P, 

eF=re'. 

Again, since T, P, F are each equidistant from the 
paraUel siauight lines QF, QfF', it follows that IP F is a 
straight line, or that the diameter VP passes through 
T. 
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We hare ihewn that QE, EP^ PEf^ E'& are all equal, 
and we henee infer that 

and ooDMqnently that rP=| TF or that TP=PF. 

Henoe ii appean^ thcU the diameter through the point 
qf intenection of a pair of tangenu pagaes through the 
point of contact of the tangent parallel to the chord qf 
contact f and also through the middle point qf the chord qf 
contact; and that the portion of the diameter between the 
point qf intersection qfthe tangenteand the middle point 
qfthe chord of contact ie bisected ai the point qf contcui 
qf the parallel tangent. 

We may observe that in proving that EE' is bisected at 
P, we have demonstrated a theorem abready shewn, Art 
(16), to be troe for all conies. 

44. DsF. The line Q F, parallel to the tangent at P, 
and terminated by the diameter PV^is called an ordinate 
qf that diameter, and QQ^ is the dotdde ordinate. The 
point Pf the end of the diameter , is called its vertex. 

We observe that tangents at the ends of any chord 
intersect in the diameter which bisects the chord, and that 
the distance of this point from the vertex is equal to the 
distance of the vertex from the middle point of the chord. 

Def. The chord through the focus parallel to the 
tangent at any point is called the parameter qf the 
diameter pcusing through the point. 

45. Pbop. XYI. The parameter qf any diameter 
is four times the focal distance qf the vertex qf that dia- 
meter. 

Let P be the vertex, and QSQ^ the parameter, T the 
pomt of intersection of the tangents at Q and Q^^ and 
FPF' the tangent at P. 
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Then, smce FS and F'S bisect respectiyely the angles 




rSQ, PSQf, FSF' is a right angle, and, P being the 
middle point of /T^, SP=PF=PF\ 

Hence QQ, which is double FF\ is four times 8P. 

46. Prop. XVII. J^ QV^ le a double ordinate cf a 
diameter PV,QV is a mean proportional between P V 
and the parameter of P, 




Let FPF be the tangent at P, and draw the parameter 
through 8 meeting P F in U. 

The angle SUT=FPU=SPF'=SFTy Art 36, 

B.O.S. 3 
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and therefore £/* is a point in the cirde which can be drawn 
through 8FTF'. 

Ilenoe, Q V being twice PFy 

QV*=4PF*=4tPU.PT; 

bOt PU=SPy 

for the angle SUP^FPU=SPF'=PSU; 
and PT=PF, 

.'. QV*=4SP.PV. 

47. Peop. XVIII. If QV^he a double ordinate qf 
a diameter PV^ and QD the perpendicular from Q upon 
PV QD i$ a mean proportional bettoeen PV and the 
latui rectum. 




Let the tangent at P meet the tangent at the vertex in 
F, and join /S'yi 

The angle QVD=8PY^STA, and therefore £be 
triangles QVD, SAY btg similar; 



and 



but 



QI)» : QF* :: AS* : SY* 

AS* : AS. SP 
AS :SP 
4AS.PF: 4SP.PF, 

QF^=4JSP,PF; 
/. QD^^AAS.PF. 
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48. Prop. XIX. If from any point, witMn or wtth- 
out a parabola, ttoo gtraight lines he drawn in given 
directions and intersecting the curve, the ratio of the 
rectangles of the segments is independent qfthe position of 
t/ie point. 




From any point O draw a straight line intersecting the 
parabola in Q and Q^, and draw the diameter OE, meeting 
the conre in E. 

Let PF be the diameter bisecting QQ, and draw the 
ordinate EU. 

Then OQ.OQf=OV^-'Qr^ 

=EU^-Qf^ 
^4JSP.PU-4JSP.PV 
=4SP.0E. 

Similarly^ if ORRf be any other intersecting line and P 
the vertex of the diameter bisecting RRf, 

OR.OBf=AJSP.OE. 
Therefore 

OQ. OQ! : OR.OE :: 8P : SP', 

that is, the ratio of the rectangles depends only on the 
positions of P and P*, and, if the lines OQQ!, ORR are 
drawn parallel to given straight lines, these points P, P* 
are fixed. 

3—2 
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It will be easily seen that the proof is the same if the 
point O be within the parabola. 

If the lines OQQ', ORB! be moyed parallel to themselves 
until they become the tangents at P and P', we shall then 
obtain, if these tangents intersect in T^ 

a result previously obtained (Art. 37). 

49. Prop. XX. If a circle intersect a parabola in 
four points f the two straight lines constituting any one of 
the three pairs of the chords qf intersection are equally 
inclined to the axis. 

Taking the figure of the previous Article, let Q, Q^ 
Bf R' be the four points of intersection ; 

then OQ.O^=OR.OR, 

and therefore SP, SP^ are equal 

But, if SP, SP' be equal, the points P, P' are on 
opposite sides of, and are equidistant from the axis, and 
the tangents at P and P^ are therefore equally inclined to 
the axis. 

Hence the chords QQf, RR\ which are parallel to these 
tangents, are equally inclined to the axis. 

In the same manner it may be shewn that QR, Q^R 
are equally inclined to the axis, as also QRf, Q'R, 

50. Conversely, if two chords QQf, RR\ which are not 
parallel, make equal angles with the axis, a circle can be drawn 
through QQ!R'R, 

For, if the chords mtersect in 0, and OE be drawn parallel 
to the axis and meeting the curve in E, it may be shewn as 
above that 

Oq . OQf=iSP, OE and OR. ORf=iSP' . OE, 

P and P' being the vertices of the diameters bisecting the 
chords. 

But the tangents at P and P', which are parallel to the 
chords, are equally inclined to the axis, and therefore SP is equal 
to/SP'. 
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Hence OQ . 0Q'= OR . OR', 

and therefore a circle can be drawn through the points Q, Q^, Ry R\ 

If the two chords are both perpendicular to the axis, it is 
obvious that a circle can be drawn through their extremities, and 
this is the only case in which a circle can be drawn through the 
extremities of parallel chords^ 



EXAMPLES. 

1. Fnm the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

2. Draw a tangent to a parabola, making a given angle with 
the axis. 

8. If the tangent at P meet the tangent at the Tertex in F, 

4. If the normal at P meet the axis in 0, the focus is equi- 
distant from the tangent at P and the straight line through G 
parallel to the tangent. 

5. Given the focus, the position of the axis, and a tangent, 
construct the parabola. 

6. find the locus of the centre of a circle which touches a 
given straight line and a given circle. 

7. Construct a parabola which has a given focus, and two 
given tangents. 

8. The distance of any point on a parabola from the focus 
is equal to the length of the ordinate at that point produced to 
meet the tangent at the end of the latus rectum. 

9. PT being the tangent at P, meeting the axis in T, and 
PN the ordinate, prove that TY.TP= T8, TN, 

10. If SE be the perpendicular from the focus on the normal 
at P, shew that 

SE^^AN.SP, 

11. The locus of the yertices of all parabolas, which have a 
cominon focus and a common tangent, is a circle. 

12. Having giyen the focus, the length of the latus rectum, 
and a tangent, construct the parabola. 

13. If PSP' be a focal chord, and PN, P'N' the ordinates, 

shew that 

AN.Air^AS*. 
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Shew also that the Utus rectum la a mean proportional between 
the double ordinates. 

14. The locus of the middle points of the focal chords of a 
parabola is another parabola. 

15. Shew that in general two parabolas can be drawn hav* 
ing a given straight line for directrix, and passing through two 
given points on the same side of the line. 

16. Pp Ib a chord perpendicular to the axis, and the perpen* 
dicular from p on the tangent at P meets the diameter through 
P in i2 ; prove that RP is eqaa), to the latus rectum, and find the 
locus of R, 

17. Having given the focus, describe a parabola passing 
through two given points. 

18. The circle on any focal distance as diameter touches the 
tangent at the vertex. 

19. The circle on any focal chord as diameter touches the 
directrix. 

20. A point moves so that its shortest distance from a given 
circle is equal to its distance from a given diameter of the circle; 
prove that the locus is a parabola, the focus of which coincides 
with the centre of the circle. 

21. Find the locus of a point which moves so that its shortest 
distance from a given circle is equal to its distance from a given 
straight line. 

22. If A PC be a sector of a circle, of which the radius 
CA is fixed, and a circle be described, touching the radii CA, 
CP, and the arc AP, the locus of the centre of this circle is a 
parabola. 

23. If from the focus S of tk parabola, 8T, SZ be perpen- 
diculars drawn to the tangent and normal at any point, YZ Is 
parallel to the diameter. 

24. Prove that the locus of the foot of the perpendicular 
from the focus on the normal is a parabola. 

25. If PO be the normal, and QL the perpendicular from O 
upon SP, prove that QL is equal to the ordinate PiV. 

26. Given the focus, a point P on the curve, and the length 
of the perpendicular from the focus on the tangent at P, find the 
vertex. 

27. A circle is described on the latns rectum as diameter, 
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and a common tangent Q^ is drawn to it and the parabola : shew 
that SP, SQ make equal angles with the latus rectum. 

28. is the foot of the normal at a point P of the parabola, 

Q is the middle point of SO, and X is the foot of the directrix: 

prove that 

QX^-QP^=iAJS^. 

29. If PG the normal at P meet the axis in 0, and if PF, 
PIT, lines equally inclined to PO, meet the axis in F and ff, the 
length SOiatk mean proportional between SFaaid Sff, 

80. A triangle ABO circumscribes a parabola whose focus is 
S, and through Ay B, O, lines are drawn respectively perpen- 
dicular to SA, SB, SO; shew that these pass through one point. 

31. If PQ be the normal at P meeting the curve in Q, and 
if the chord Pit be drawn so that PB, PQ are equally inclined 
to the axis, PBQ is a right angle. 

32. A chord POQ meets a diameter, vertex A, in the point 
0, and PN, Q3£ are the ordinates of P and Q referred to that 
diameter; prove that 

AN.A3f==A0». 

33. Having given two points of a parabola, the direction of 
the axis, and the tangent at one of the points, construct the 
parabola. 

34. Having given the vertex of a diameter, and a corre- 
sponding double ordinate, construct the parabola. 

35. PM is an ordinate of a.point P ; a straight line parallel 
to the axis bisects PM, and meets the curve in Q ; MQ meets 
the tangent at the vertex in T; prove that ZAT=2PM. 

36. AB, OD are two parallel straight lines given icT position, 
and AO\a perpendicular to both, A and O being given points ; 
in CD any point Q is taken, and in Jl Q, produced if necessary, a 
point P is taken, such that the distance of P from ^^ is equal 
to CQ ; prove that the locus of P is a parabola. 

37. If the tangent and normal at a point P of a parabola 

meet the tangent at the vertex {A) in iTand L respectively, prove 

that 

KL^ : SP^ :: SP-AS : AS, 

S being the focus. 

38. Having given the length of a focal chord, find its 
position. 
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SO* If the ordinate of a point P bisects the subnonnal of a 
point P^f prove that the ordinate of P is equal to the normal 
MP". 

40. A parabola being traced on a plane, find its axis and 
vertex. 

41. If PV, P'T be two diameters, and PY\ PTordinates 

to these diameters, 

PF=P'F. 

42. If one side of a triangle be parallel to the axis of a 
parabola, the other sides will be in the ratio of the tangents 
parallel to them. 

48. If PS^t QJSq be focal chords, 

Pa,Bp : QS.Sq :: Pp : Qq. 

44. QVQ' is an ordinate of a diameter PV, and any chord 

PR meets QQ' in N, and the diameter through Q in. L; prove 

that 

PL^=PN,PR, 

45. Describe a parabola passing through three given points, 
and having its axis parallel to a given line. 

46. liAPf AQ be two chords drawn from the Tertex at 
right angles to each other, and PN, QM be ordinates, the latus 
rectum is a mean proportional between AN and AM. 

47* PSp is a fooal chord of a parabola ; prove that AP, Ap 
meet the latus rectum in two points whose distances from the 
focus are equal to the ordinates of p and P respectlyely. 

48. A chord PQ of a parabola is normal to the parabola at 
P, and the angle PSQ is a right angle ; shew that SQ=2SP, 

49. From any point Q in the line BQ which is perpendicular 
to the axis CAB oi a parabola, vertex Jl, QR is drawn parallel 
to the axis to meet the curve in B ; prove that if CA be equal to 
AB, the lines AQ, CR will meet on the parabola. 

50. From the yertex of a parabola a perpendicular is drawn 
on the tangent at any point ; prove that the locus of its inter- 
section with the diameter through the point is a straight line. 

51. If two tangents to a parabola be drawn from any point 
in its axis, and if any other tangent intersect these two in P and 
Q, prove that SP=^SQ. 

52. T Ib a point on the tangent at P, such that the perpen- 
dicular from T on SP is of constant length ; prove that the locus 
of T is a parabola. 
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If the constant length be 2A8, proTe that the vertex of the 
lociu u on the directrix. 

53. The area of the triangle formed bj three tangents to a 
parabola is eqnal to one half that of the triangle formed by 
joining the points of contact. 

54. If the normal at a point P of a parabola meet the carve 
in Q, and the tangents at P and Q intersect in T, prove that T 
and P are equidistant itom the directrix. 

55. Two tangents TP, TQ, are drawn to a parabola cutting 
the directrix in P', Q'. If the chord PQ, cat the directrix in R, 
and if /9 be the focos, prove that 8P' : 8Qf :: RI^ : JtQf. 

56. If two eqnal tangents to a parabola be cat by a third 
tangent^ the alternate segments of the two tangents will be eqoaL 

57* If AP be a chord throogh the yertex, and if PL, per- 
pendicolar to AP, and PG, the normal at P, meet the axis in 
L, Q lespecttvely, ^L=half the latos rectonu 

58. If PSQ, be a focal chord, A the vertex, and PA, Q^ be 
prodooed to meet the directrix in P'^ (^ respectively, then P'SQ! 
will be a right angle. 

59. The tangents at P and Q intersect in T, and the tangent 
at J2 intersects rP and TQ in (7 and i); prove that 

PC : CT :: OR : RD :: TD : DQ. 

60. From any pmnt D in ^he latns rectum of a parabola^ a 
straight line DP is drawn, parallel to the axis, to meet the curve 
in P ; if X be the foot of the directrix, and A the vertex, prove 
that AD, XP intersect in the parabola. 

61. P8p is a focal chord, and upon P8 and p8 as diameters 
dreles are described ; prove that the length of either of thor 
oammon tangents is a mean proportional between A8 and Pp. 

62. If J Q be a diord of a parabola through the vertex A, 
and QJR be drawn perpendicular to AQ to meet the axis in R ; 
prove that AR will be equal to the chord through the focus 
panDelto^Q. 

63. If from any point P of a circle, PC be drawn to the 
centre C, and a chord PQ, be drawn parallel to the diameter A B, 
and bisected in R ; shew that the locus of the intersection of CP 
and ARiM a paraboUL 
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64« A circle, the diameter of which ib three'foarths of the 
Utus rectum, is described about the vertex il of a parabola as 
centre ; prove that the common chord bisects AS. 

65. Shew that straight lines drawn perpendicular to the 
tangents of a parabola through the points where they meet a 
given fixed line perpendicular to the axis are in general tangents 
to a oonf ocal parabola. 

66. If QR be a double ordinate, and PD a straight line 
drawn parallel to the axis from any point P of the curve, and 
meeting QR in D, prove, from Art. 25, that 

QJ),RD=-U.S.PD. 

67. Prove, by help of the preceding theorem, that, if QQ,' be 
a chord parallel to the tangent at P, QQ' is bisected by PD, and 
hence determine the locus of the middle point of a series of 
parallel chords. 

68. If from either end of a double ordinate (IVQ' io any 
diameter P F, a perpendicular Qi) be let fall upon the diameter, 
prove, by help of problem (<^^\ and of Art. 32, that 

QJ)^ = iAS.Py. 

69. Find the locus of the foci of the parabolas which have a 
conmion vertex and a common tangent. 

70. From the points where the normals to a parabola meet 
the axis, lines are drawn perpendicular to the normals : shew 
that these lines will be tangents to an equal parabola. 

71. Inscribe in a given parabola a triangle having its sides 
parallel to three given straight lines. 

72. PNP^ is a double ordinate, and through a point of the 
parabola RQL is drawn perpendicular to PP' and meeting PA, or 
PA produced in R ; prove that 

PN : NL :: LR : JZQ. 

73. PNP^ is a double ordinate, and through i2, a point in the 
tangent at P, RQM is drawn perpendicular to PP' and meeting 
the curve in Q ; prove that 

Q3£:QR:: P'M : PM. 

74. If from the point of contact of a tangent to a parabola, 
a chord be drawn, and a line parallel to the axis meeting the 
chord, the tangent, and the curve, shew that this line will be 
divided by them in the same ratio as it divides the chord. 
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75. PSp is a focal chord of a parabola, RD is the directrix 
meeting the axis in 2>, Q is any point in the curre ; prove that if 
Q>Py Qp produced meet the directrix in R, r, half the latns rectum 
will be a mean proportional between DR and Dr. 

76. A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a circle is described ; 
prove that the distance between the middle points of this chord, 
and of the chord joining the other two points of intersection of the 
circle and parabola, will be of constant length. 

77. If a circle and a parabola have a common tangent at P, 
and intersect in Q and R ; and if QF, UR be drawn parallel to 
the axis of the parabola meeting the circle in V and U respec- 
tively^ then wUl VU be parallel to the tangent at P, 

78. If PFbe the diameter through any point P, QV& semi- 
ordinate, Qf another point in the curve, and QfP cut Q F in R, 
and QfRf the diameter through Qf meet Q F in R\ then 

VR. VR^=QVK 

79. PQ, PR are any two chords ; PQ meets the diameter 
through R in the point F, and PR meets the diameter through 
QirE; prove that EF is parallel to the tangent at P, 

80. If parallel chords be intersected by a diameter, the dis- 
tances of the points of intersection from the vertex of the diameter 
are in the ratio of the rectangles contained by the segments of 
the chords. 

81. If tangents be drawn to a parabola from any point P in 
the latus rectimi, and if Q, Q' be the point of contact, the semi- 
latus rectum is a geometric mean between the ordinates of Q and 
Q^, and the distance of P from the axis is an arithmetic mean 
between the same ordinates. 

82. If A% B', (f be the middle points of the sides of a tri- 
angle ABG, and a parabola drawn through A\ B', (f meet the 
sides agam in Al\ B", O", then will the lines AA!', BBf', CO" 
be parallel to each other. 

83. A circle passing through the focus cuts the parabola in 
two points. Prove that the angle between the tangents to the 
circle at those points is four times the angle between the tangents 
to the parabola at the same points. 

84. The locus of the points of intersection of normals at the 
extremities of focal chords of a parabola is another parabola. 

85. Having given the vertex, a tangent^ and its point of 
contact, construct the parabola. 
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89. PSp 18 a focal chord of a parabola ; shew that the dis- 
tance of the point of intersection of the normals at P and p from 
the directrix Taries as the rectangle contained by PS, pS, 

87. TP, TQ, are tangents to a parabola at P and Q, and is 
the centre of the circle circumscribing PTQ ; prove that TSO is 
a right angle. 

88. P is any point of a parabola whose vertex is A, and 
through the focus S the chord QSQ* is drawn parallel to ^P ; 
PN, QM, Q'M'f being perpendicular to the axis, shew that 8M is 
a mean proportional between AM, AN, and that 

MM'=^AP. 

89. If a circle cut a parabola in four points, two on one side 
of the axis, and two on the other, the sum of the ordinates of the 
first two is equal to the sum of the ordinates of the other two 
points. 

Extend this theorem to the case in which three of the points 
are on one side of the axis and one on the other. 

00. The tangents at P and Q meet in T, and TLva the per- 
pendicular from T on the axis ; prove that if PN, QM be the 
ordinates of P and Q, 

PN.QM=iAS,AL. 

91. The tangents at P and Q meet in T, and the lines TA^ 
PA, QA, meet the directrix in t, p, and q : prove that 

tp=tq. 



CHAPTER III. 

THE ELLIPSE. 

Def. An ellipse is the curve traced otU by a point 
which moves in such a manner that its distance from a 
given point is in a constant ratio qfless inequality to its 
distance from a given straight line. 

Tracing the Curve. 

61. Let S be the focus, EX the directrix, and SX the 
perpendicular on EX from S, 




Divide SX at the point A in the given ratio ; the point 
A is the vertex. 

From any point E in EX, draw EAP, ESL, and 
through S draw JSP making the angle FJSL equal to LJSN, 
and meeting EAP in P. 

Through P draw ZPiT perpendicular to the directrix 
and meeting ESL in L. 

Then the angle PSL=LSN^SLP, 

:. SP=PL. 
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Also PL : PK :: SA : AX. 

Hence SP : PK :: SA : AX, 

and P is therefore a point in the curve. 

Again, in the axis XAN&ad a point A' such that 

SA' : A'X :: SA : AX; 

this point is evidently on the same side of the directrix as 
the point A^ and is another vertex of the curve. 




Join EA' meeting PS produced in P', and draw 
P'LK' perpendicular to the directrix and meeting ES 
in L\ 

Then P'X' : P'K' :; SA' : A'X 

:: SA : AX, 

and the angle SLP'=L'8A =L'SP\ 

:. P'L'^SP'. 

Hence P' is also a point in the curve^ and PSP^ is a 
focal chord. 

By giving E a series of positions on the directrix we 
shall obtain a series of focal chords, and we can also, as in 
Art (3), find other points of the curve lying in the lines 
KPf JT'P', or in these lines produced. 

We can thus find any number of points in the curve. 

52. Dew. The dUtance AAf ii the major mm. ^ 



Tke Ellipse. 
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The middle point C cfKA! is called Ike centre qf the 
ellipse. 

If through C the doMe ordinate BCB^ he drattm^ 
BB' is called the minor axis. 

Any straight line drawn through the centre, and 
terminated by the curve, is called a diameter. 

The lines ACA', BOB' are called the principal dior- 
meters, or, briefly, the axes of the curve. 

The line AC A^ is also sometimes called the transverse 
axis, and BOB' the conjugate axis. 

63. Pkop. I. Xf Y he any point qf an ellipse, and 
AA' t?ie axis major, and if PA, A'P, when produced, 
meet the directrix in E and F, the distance EF subtends 
a right angle at the focus. 

Draw PZiT perpendicular to the directrix, meeioJigSF 
in L, and the directrix in K. 




Then PL : PK :: SA' : A'X 

:: SP \PK', 

.'. PL=SP, 

and the angle LSP = PLS= L8X, 
that is, FS bisects the angle ASP. 

Bat, if PS be produced to P'^ ES bisects the angle 

ASP"', 

.*. ESF is a right angle. 
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54. By help of the preceding theorem we shall now 
proye the existence of another focoB and directrix corre- 
spending to the yertex A\ 

In A A' produced take a point X'sach that A'X'-AX^ 
and in A A take a point S such that A' 8'=^ AS, 

Through X' draw a straight line eX/ perpendicular to 
the axis and let EP^ FP produced meet this line in 
e and /. Join eS^ and fS\ 

Then eX' : EX :: AX' : AX 

:: FX \fX\ 
:. eX ,fX'=EX. FX=8X*=8'X\ 




Hence eSf is a right angle. 

Through P draw KPk parallel to the axis, meeting 
eS^ and/^ produced in L and L 
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Then PL : Pfc :: S'A : AX', 

and PI : Pk :: S^A' : A'X'; 

.-. PL=PL 
Moreover, LS'l being a right angle, 

S'P=Pl, 
.-. JS'P : Pk :: ^S'^' : A'X', 

and the crure can be described by means of the focus S' 
and the directrix eX\ 

Hence also it follows that the curve is symmetrical with 
regard to BCB', and that it lies wholly between the tangents 
at A and A\ 

If SA be equal to AX, the point A', and therefore the 
points S' and X' will be at an infinite distance from S and A, 

Hence a parabola is the limiting form of an ellipse, the 
axis major of which is indefinitely increased in magnitude, - 
while the distance SA remains finite. 

55. Peop. IL ff PN he the ordinate of any point 
Pofan ellipse^ AC A' the cuds major, and BCBf the axis 

minoTt 

PN^ : AN.NA" :: BC^ : AC 

Join PA, A'P, and let these lines produced meet the 
directrix in E and F. 




Then, 



and 



B.CS. 



PN : AN :: EX : AX, 
PN I A'Ni: FX : A'X; 
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.\ PIP \AN.NA' :: EX. FX : AX.A'X 

*::SX* : AX.A'X, 

i^nee E8F if a right angle (Prop, l), tbat is, PIP is to 
AN* NA In a oonttant ratio. 

Ilence, taking PN coincident with BC, in which case 

AN^NA'^AC, 

BO* : A(P :: SX* : AX.A'X, 

and /. PIP : AN.NA' :: B(P liAC'. . 




This may be also written 

PIP : AO^-CIP :: JSC* : A(P. 

Gob. If PJtf be the perpendicular from P on the axis 
minor, 

CM^PN, PM=CN, 

and CM* : AC^-PM* :: J5(72 .. ^c». 

Hence AC^ : AC^-PM^ :: J5(72 : cjf^, 

and /. ^C" : PIP :: 50^ : BC^-CIP, 

or Pilf : BM.MB :: ^C« : 5C» 

56. Conversely, if a point P move in such a manner that 
TIP is to AN . NA' in a constant ratio, PN being the distance 
of P from the line joining two fixed points A, A\ and N being 
between A and A', the loous of P will be an ellipse of which A A' 
is the axis. 
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For, taking C7 as the middle point of ^^', draw BO at right 
angles to AA', and such that BC* is to ^C^ in the given con- 
stant ratio ; then, if any point N be taken in AA , the corre- 
spending point of the locus evidently coincides with a point of 
the ellipse of which AC and BC are the semi-axes. 

It will be shewn in the Appendix that the definition of an 
ellipse is a property directly deducible from the relation 

PIP : AN.NA' :: B(7» : AC^. 



57. Prop. III. If AC A' he the €UbU major y O the 
centre, Sone cfthefoci^ and X the foot qfthe directrix, 

VS : OA :: OA : CX :: SA : AX, , 
and CS : CX :: CS^ : CA\ 



is' C S' A' ± 



For 8' A : 8A :: AX : AX 

.-. SS' : SA II AA' : AX, 
or CS : CA :: SA : AX. 

Again, SA' : SA :: AX' : AX-, 

/. AA' : SA II XX' : AX, 
or CA I CX II SA : AX; 

.'. CS : CA :: CA : CX, 
or €S. CX^OAK 

Ako CSiCX iiCS^iCS.CX 

II (75« I C^". 

4r-2 
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58. Prop. IV. If S be a focuSy and B an extremity 
of the axis minor, 

SB=AC and B(P=AS, SA\ 

For, joining SB in the figure of Art. 55, 
SB : CX :: SA : AX 
:: CA : CX, 
by the prerious Article, 

.-. SB=CA. 
Also BC^^^SB^-SG^^AO-SC* 

=^AS.SA\ 

69. . Prop. V. Ths semi-lattcs rectum SB is a third 
proportional to AC and BC, 

For, Prop. II., 

SB" : AS.SA' :: BC^ : AC^; 

:. Sm : BC^ ;: BC' : AC', 
or SB : BC :: BC : AC. 

Cor. Since SB : SX :: SA : AX 

:: SC : AC, 
it Mows that SX , aS'C7= SR.AC^BC; 
and hence also that 

aSX : CX :: 567» : AC. 

60. Prop. VI. 7%^ sum qf the focal distances qfany 
point is eqtial to the axis major. 

Let PiVbe the ordinate of a point P (Fig. Art. 64), 
then 

S'P : SP :: NX : NX; 



or 



•. S'P+SP : SP 
S'P-^SP : XX' 



: XX : NX, 

\ SP I NX 

: SA : AX 
:AA': XX'; 
.-. S'P+SP=AA\ 
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Cor. Since SP : NX :: SA : AX 

:: AG : CX; 

/. AC : SP :: CX : NX, 

AC-SP : /S'P :: CN : NX, 

and AC-SP : C2V :: aS^ : AX. 

Also, AC-SP=SP-'AC\ 

.: SP-AC : CN :: ^^ : AX. 
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Mechanical Construction of the Ellipse, 

61. Fasten the ends of a piece of thread to two pins 
fixed on a board, and trace a curve on the board with a 
pencil pressed against the thread so as to keep it stretched ; 
the cmre traced out will be an ellipse, having its foci at the 
points where the pins are fixed, and having its major axis 
equal to the length of the thread. 

62. Peop. VII. 7%^ sum of the distances of a point 
from the foci of an ellipse is greater or less thfin the 

ntajor aais according as the point is outside or inside the 
ellipse. 

If the point be without the ellipse join SQ, S'Q, and 
take a point P on the intercepted arc of the curve. 




Then P is withm the triangle SQS and therefore, 
joining SP, SP, 

SQ+SQ7>SP+S'Py EucUdi. 21, 
i.e. SQ+SQ:>AA\ 
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IfQbewitiimtiie d^a^lefe^Q, STQ 
tike cnrve and take a point P on the inturcepted asre. 

Tlifln <} IB within tilie triangle aSP>S^, and 

CX I>iF. 1^ cir€i6 (imeribmi on the Aarw wu^for at 
MoBmater it caSed the {tuxiliary circle, 

FlOF.yilL Jf Uka ordinate NPqfomdiipm Im pro- 
dueed to meet the auanliary circle in Q, 

PN : QN :: BC : AC. 

PN^ : AN-.NA' :: BC^ : AC^, 
and, igr a praper^ flf the dbrdK 




/. PN : CiV :: BC : ^Cl 

Cos. Similariy, if PAf the perpendicular on JSjS' meet 
in ^ the drde described on J?^ as diametw 

For PJf : BM.JUB" :: ^(7» : i5C», 
and BM.MB'^Q^MK 



The JEUipse. 
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ProperHef qf the Tangent and Normcd. 

64. Pbop. IX. I%d normai at any point bieectg the 
angle between the focal distances qf that point, and the 
tangent is equoMy inclined to the focal distances. 

Let the normal at P meet the axis in G ; then, Art 15 

SG : SP :: SA : AX, 

and JSTG : JSTP :: SA : AX. 




Hence SG : SG' :: JSP : SP, 

and therefore the angle SPS' is bisected by PG. 

Also -PP-P being the tangent, and GPF, GPr being 
right angles, it follows that the angles SPF, S'PF' are 
equal, or that the tangent is equally inclined to the focal 
distances. 

Hence if S^P be produced to Z, the tangent bisects the 
angle SPL* 

Cob. If a circle be described about the triangle SPS'y 
its centre will lie in BCB, which bisects S^ at right 
angles ; and since the angles SPG, S'PG are equal, and 
equal angles stand upon equal arcs, the point g^ in which 
PG produced meets the minor axis, is a point in the 
circle. 
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Also, if the tangent meet the minor axis in t, the point t 
is on the same circle, since gPt is a right angle. 

Hence, Any point P qf an dlip9e, the two fociy and 
the points 0/ intersection of the tangent and normal cU P 
with the minor axis lie on tlie same circle, 

65. Prop. X. Every diameter is bisected at the 
centre and the tangents at the ends qf a diameter are 
parallel. 

Let PCp be. a diameter, PN, pN the ordinates of 
P and p. 




Then CIP : Cn^ :: PN^ : pn^ 

:: AC^-CN^i A(P-Cn\ krt.bb\ 

:, CN^ ; AC^ :: Cn* : A(P, 

Hence CN= Cn and .-. CP = Cp, 

Draw the focal distances ; then, since Pp and SS 
bisect each other in C, the figure SPS'p is a parallelogram, 
and the angle 

8PS'=SpS\ 

But the tangents PT, pt are equally inclined to the 
focal distances ; i 

/. the angle SPT=JSrpt, 
and, adding the equal angles CPS, CpS", 

CPT=Cpt, 
/. P T and pt are parallel 
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Cob. Since Sp and ^p are equally inclined to the 
tangent at p^ it follows that SP and Sp make equal angles 
with the tangents at P and p. 

QQ, Peop. XL Hie perpendictdars from the foci on 
any tangent meet the tangent on the auadliary cirdey and 
the semi-minor a^s is a msan proportional between their 
lengtJis. 

Let SY, SIT^ be the i)erpendicular8; join aS^P, and let 
SYf S^P produced meet in L, 




The angles aSPF, YPL being equal, and PY being 
common, the triangles are equal in all respects ; 

:, PL=SP,SY=YP, 

and S'L=S'P+PL=S'P + SP=AA\ 

Join CY, then (7 being the middle point of ASS",and Fof 
SL, (7FisparaUel to S'L, 

and /. S'L=2CY 

Hence CY=AC, and Y is a point on the auxiliary circle. 

Similarly by producing SP, S' Y' it may be shewn that 
Y^ is also on the auxiliary circle. 



58 The Ellipse. 

Let YS produced meet the cirde in Z, and join Y'Z; 
then Y'YZ being: a right angle, Y'Z u a diameter and 
passes through O, 




E-''" D 



Hence the triangles SCZ^ S^OY' are equal, and 
8Y.8'Y'=SY.8Z=AS,SA'^BC'. 

Cob. (1). If P' be the other extremity of the diameter 
through P, the tangent at P' is parallel to P F, and there- 
fore Z is the foot of the perpendicular from S on the tangent 
atP'. 

Cob. (2). If the diameter DCU^ drawn parallel to the 
tangent at P, meet SP, S'P in E and E\ PEGY' is a 
parallelogram, for GY' ha parallel to SP, and (7J^ to P F' ; 

.-. PE=GY'^AG', 
andsimUarly PM=CY=AC. 

67. Pbop. XII. To draw tangents from a given 
point to an ellipse. 

For this purpose we may employ the general oonstruc- 
tion of Art. (14), or the following. 
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Let Q be the giyen point; upon SQ as diameter de- 
scribe a circle cutting the auxiliary circle in Y and Y* ; 
YQ and YQ will be l£e required tangents. 

Producing SYio L so that yZ=/SF, jdn 8'L cutting 
the line YQ in P. 




The triangles SP F, ZP Y are equal in all respects, 
since SY= YL and P F is common and perpendicular 
to/S£; 

.-. ^P=PZ and /S^Z=/8'P+PZ=^'P+/SP; 
but, joining CY, £rL-=2CY=:2AG ; 

and P is therefore a point on the ellipse. 

Also the angle SPY= YPL, 
and .'. QP is the tangent at P. 

A similar construction will give the point of contact of 
the other tangent QP\ 

Beferring to Art. 31, it will be seen that the eonsimction is 
the same as that given for the parabola, the ultimate foim of the 
circle being, for the parabohi, the tangent at the vertex. 
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68. Prop. XIII. If two tangents he draum to an 
ellipse from an external pointy they are eqtiallp inclined 
to the focal distances of that point. 

Let QP, QP' be the tangents, SY, S'T, SZ, &Z' the 




perpendiculars from the fod on the tangents ; join FZ, 
TZ'. 

Then, Art. 66, SY , S' Y'=SZ. 8'Z'^ 

.-. /ST: SZ V, SZ : S'Y. 

A circle can bo drawn through the points SYQZ^ since 
SYQ, SZQ are right angles ; and YSZ and YQZ are 
equal to two right angles, as are also Y'S^Z' and Y'QZ! ; 
therefore the angle YSZ= Y'^Z, and the triangles YSZ, 
Y'S'Z' are similar. 

Hence the angle SZY=S' TZ\ 
But 8ZY=SQY m the same segment, and similarly 

8'Y'Z=S'q,Z'\ 
therefore the angle SQP=S'QP\ 

69. Def. Ellipses which have the same fod are called con- 
focal dlipses. 

If Q be a point in a confocal ellipRO the normal at Q bisects 
the angle SQS' and therefore bisects the angle PQP\ 

Hence, If from any point of an dlipse tangents are drawn 
to a confocal ellipse, these tangents are equally inclined to the 
normal at the point. 

By reference to the remark of Art. 40, it will be seen that 
this tiieorem includes that of Art. 40 as a particular case. 
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70. Prop. XIV. If PT the tangent at P meet the 
axis major in T, and PN be the ordinate, 

CN.CT=A(P, 




Draw the focal distances SP, S'P, and the perpendicular 
SY on the tangent, and join NY, CY. 

Then, as in Art. 66, CY ia parallel to S^P ; therefore 
the angle 

GYP=S'Pt=SPY 

=^SNY, 

since a circle can be drawn through the four points SYPN. 

Hence CYT=CNY, 

and the triangles CYT, CNY are equiangular. 

Therefore CN : CY :: CY : CT 

or CN,CT=CY^^AC\ 

Cor. (1). CN, NT=CN, CT^-CN^^AC^-CN^ 

=AN.NA\ 

Cor. (2). Hence it follows that tangents at the extre- 
mities of a commmi ordinate of an ellipse and its omx- 
iliary circle m^t the a,xis in the same point. 

For, if NP produced meet the auxiliary circle in Q, 
and the tangent at Q meet the axis in T, 

CN.CT=C(^ = AC\ 
therefore T coincides with T. 



62 



The JEUipse. 



And more generally it is erident that^ ff any number 
ofeUipiei he deeerSbed haeing the same mcyar aane, and 
an ordinaie he drawn cutting the ellipses, the tangents at 
the points qf section will all meet the common axis in the 
samepomt. 

71. Pbop. XY. If the tangent at P meet the axis 
minor in t, and PNhe the ordinate, 

at.PN=£C^. 

For, Ct : PN :: GT : NT, Pig. Art. 70. 

V Ct.PN : PN* :: CT.CN : GN.NT 

:: AC^ : AN. NA% Cor. 1, Art 70, 

:: B(P : PN\ 

.-. Ct.PN ^BC*. 

72. Pbop. XVI. Zf the normal at P meet the axes 
in G and g, and th>e diameter parallel to the tangent <xt P 

in F^ 

PF.FG^BC^, andPF.Pg^AC^, 

Let PN, PM, perpendiculars on the axes, meet the 
diameter in K and L, and let the tangent at P meet the 
axes in ^Tand^. 

t 




Then, since a circle can be drawn through GFKN, 
PF. PQ^PN. PK^PN. Ot^BC*. 
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Simikrlyy sinoe a circle can be drawn throogh LMFg, 

PF.Pg=PM.PL=CN.GT=AC\ 
Cob. Since PGN, PgM are similar triangles, 



NG :PM 



or 



NG : CN 



PG I Pg 
PF.PG : PF.Pg 

BC^ : AC^. 



Hence also 

CG : CN :: AC^-BCr^ : A(P 
:: SC* ; A(P. 

7a Pbop. XVII. J[f PCp be a diameter, and Q FQ" 
a chord parallel to the tangent a^ P and meeting Pp in V, 
and if the tangent at Q meet pP produced in T, 

CV.CT=CP'. 




Let TQ meet the tangents at P and piaB and r, and 
S being a focus^ join /SP, SQ, Sp, 
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Let fall perpendiculars BNy BM, m, rm ux>oii these 
focal distances ; 

then, since the angle SPR=Spr, Cor. Art (65), 



but 



BP ; rp 



TB : Tr 
.% TB : Tr 



BN : m 

BM : rm^ Art. 13, 
B<i\ rQ\ 

BP : rp. 

BQ : rQ. • 




Hence TP : Tp :: PV : Vp, 

or CT-CP : CT+CP :: CP-CV : CP + CV; 

.-. GT : CP :: GP : GF, 
or GT. GV= GP'. 

CoE. 1. Hence, since (7Fand GP are the same for the 
point Q \ the tangent at Q" passes through T 

CoE. 2. Since 7>? : TP :: 7>?-Tr : TF- TP, it 
follows that TPFp is harmonically divided. 
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Properties of Conjugate Diameien. 

74. Prop. XVI 1 1. A diameter bisects all chords par- 
cUlel to the tangents at its extremities. 

We have shewn (Art 16), that, if Q^ be a chord of a 
conic, TQ, TQ" the tangents at Q, Q', and JEPJE' a tangent 
parallel to Q^, the length JSJS^ is bisected at P. 

Draw the diameter PCp ; the tangent epe^ at p is par- 
allel to £P, Art (65), and is therefore parallel to QQ". 




Hence ep=pe^, and P, p being the middle points of the 
parallels e^, EE', the linePj? passes through T, and more- 
over bisects QQf, 

Similarly, if any other chord q^ be drawn parallel to 
QQf the tangents at q and ^ will meet in pP produced, 
and q^ will be bisected by pP, 

CoR. Hence, if Q^, qc( be two chords parallel to the 
tangent at P, the chords Qg, Q!c( will meet in CP or CP 
produced. 

75. Def. The diameter DCdy drawn parallel to the 
tangent at P, is said to be conjugate to PCp. 

A diameter therefore bisects all chords parallel to its 
conjugate. 

Prop. XIX J^fthe diameter DCd be conjugate to PCp, 
then teill PCp be conjugate to DCd, 

Let the chord Q Vq be parallel to DCd, and therefore 
bisected by PC> and draw the diameter qCB. 

B.0.& 6 
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Join QB meeting CD in U; 
then BC= Cg[, and Q V= Vq ; 



.'. QR 18 parallel to CP. 




Also QU : TJR :: qC : CR, 

and therefore Ci7'= VR, 

That is, (72) bisects the chords parallel to PCp; 
therefore PCp is conjugate to DCd, 

Dbp. Chard* drawn from the extremities of a dia- 
meter to any point cf the ellipse are called supplemental 
chords. 

Thus qQ, RQ are supplemental chords, and hence it 
appears that supplemental chords are parallel to conjugate 
diameters. 

Def. a line QV drawn from a point Qqfan ellipse^ 
parallel to the tangent at P and terminated by the diame- 
ter PCpy is called an ordinate of that diameter^ and Q Vq 
is the double ordinate if QV produced meet the curve 
in q. 

76. Peop. XX. If PCp, DCd he conjtigate diam^ 
ters, and Q V an ordinate ofPp, 

QV* : PV.Vp :: CB^ : CP*. 

Let the tangent at Q, ^g. Art. 75, meet CP, CD pro- 
duced in Tand t, and draw Q 6^ parallel to CP and meet- 
ing CD in U» 
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Then CF^^CV.CT, 

and CJDI^^CU.Ct^QV.Gt', 

:, CD^ : CP* :: QV.Ct : CV.CT 

:: er» : GV . FT, 
and OF. FT=^ CF, CT- CF' = (7P*- CF^ 

^PF.Fp, 
••. CD^ : CP^ :: QF* : PF.Fp. 

77. Prop. XXL 1/ ACA\ BOB' be a pair ofconjtir 
gate diameters^ PCP^^ DCU another pairy and if PN, 
DM he ordinates of A CA', 

CN^=AM.MA\ CM^^AN,NA\ 

CM : PN :: AG : BC, 

and DM : CN :: BC i AC, 




Let the tangents at P and D meet AC A in Tand t. 

Then CN, CT=AC*=CM, Ct-, 

hence CM : CTV :: CT : CiT 

:Pr: (72> 

:PN: DM 

:: CiV: Jf^, 

/. Cm=CM.Mt=AC^-CM^=AM,MA\ 

and gimilarlj, CM^=AN.NA\ 

6—2 
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Also DM^ : AM. MA' :: B(P : A(P, 
/. DM : {7iV :: BG : ^(7, 
and similarly CM : PiV^ :: -4(7 : BC, 




Cob. We have shewn in the course of the proof that 

CJ>P+CM^=A(P. 

By similar reasoning it appears that if Pn, Dnifbe or- 
dinates of BCB, 

Gn*+Cm^=BC^; 

.'. PN^+DM^=BC\ 

It should be noticed that these relations are shewn to 
be true when ACA\ BCR are any conjugate diameters 
including of course the principal axes. 

78. Peop. XXII. Tf CP, CD he conjugate semi-dia- 
meters, and ACf BC the principal semi-diam£ters, 

CP^ + CD^=AC*+BC^. 

From the preceding article^ 

C7iV^2+ CM^=AC^, 

and PN^+DM*=BC^; 

also BCB being in this case a right angle, 

PN^+C]>P=CP^, 

and DM^ + CAT* = CD^, 

.% CP^+CD^^AC^^BC^. 
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79. Peop. XXIII. ^f the normal at P meet the 
principal axes in G and g, 

PG : CD :: BC : AC, 

and Pg : CD :: AC : BC. 

For, the triangles DCM, PGN being rimilar, 
PG : CD :: PN : CM 
:: BC : AC. 




So also Pgn and DCM are similar, and 

Pg : CD :: Pn : 2>if 

:: -4(7 : BC. 

80. Peop. XXIV. The parallelogram formed by the 
tangents at the ends of conjtigate diameters is equal to 
the rectangle contained "by the principal aaes. 

For, taking the preceding figure, 

PG : BC :: CD : AC; 

but PG : BC :: BC : PF, Art 72, 

r. CD : ^C7 :: BC : P^, 

and CD.PF=AC. BC, 

whence the theorem stated. 
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81. Prop. XXV. If SP, STP be the focal distances 
ofP, and CD he conjugate to CP, 

SP.S'P^CD^. 

Let CD meet SP, S'P in E and E' (fig. Art 66), and 
the normal at P in jP; then SP F, PEF, and S'P Y' are 
similar triangles ; 

.-. SP : SY :: PE : PF, 

and S'P : S'Y' :: PE : PF; 

.-. SP.S'P : SY.S'Y' :: PE^ : PF* 

:: AC^ : PF^ 
:: (72>2 : 5(7», Art 80; 
.\SP.S'P=CD'. 

82. Peop. XXVI. If the tangent at P meet a pair 
qf corrugate diameters in Tandt, and CD be conjugaLa 
toCP, 

PT.Pt=CL^. 

Taking the figure of Art. 77, 

PT I PN II CD ; DM\ 
and, if TP produced meet CB in t^ 

Pt : CN :: CD : CM; 
:. PT.Pt : PN.CN :: CD^ : DM, CM. 
But PN. CN=DM. CM, Art. 77, 

.% PT.Pt= CDK 

Cob. Let TQV be the tangent at the other end of tlie 
chord PNQy meeting CB' produced in U; and let CE be the 
semidiameter parallel to TQ^ 

Then TP : TQ :: Pt : QU, 

.-. TP* : TQ* :: PT, Pt : QT . Qi/' 

:: CJy* : CE*, 

that is, the two tangents dravmfrom any point art in the nuio of 
the parallel diameters. 
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83. In a similar manner it can be shewn that, if the tangent 
at P meet the tangents at the ends of a diameter ACA^ in T 
and r, 

PT.Pr=CI>»y 



and 



CD being conjugate to CP, 

AT,Ar=CB*, 
CB being conjugate to AGA\ 



These properties can be demonstrated by the help of Art. 77, and 
of the corollary to Art. 82. 

84. Equi-conjugate diameters. 

Prop. XXVII. The diagonals of the rectangle formed 
by the principal axes are equal and conjugate diameters. 

For, joining AB, A'B, these lines are parallel to the 
diagonals CF, CE\ and, AB^ A'B being supplemental 




chords, it follows that C2>, CP are conjugate to each other. 
Moreover, they are equally inclined to the axes, and are 
therefore of equal length. 

Cob. 1. If Q F, Q ^ foe drawn parallel to the eqni-con- 
jugate diameters, meeting them in Fand U^ 

QF« : CP^-iJV* :: CD^ : CF^; 

if P' be the other end of the diameter FCP'. 

Hence ^V^+QCr^^CP". : 

Cob. 2. CP^ +CD^=AC^+ B(P, (Art. 78) ; 

.-. 2CP^=AC*^B(P. 
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86. Prop. XXVI II. Pairs cf tangents cU rigJU an- 
gles to each other intersect on a fixed circle. 

The two tangents being TP, TP", let S'P produced 
meet S Y the perpendicular on TP in K, 




Then the angle PTK^STP^S'TP-, 
.-. S'TK]& a right aiigle. 
Hence 4A(P=S'£:^=S'T^+ TK* 

= 2CT^-^2CS\ Euclid, ii. 12 ; 
.-. CT^=AC* + BC^ 
and Tlies on a fixed cirde, centre (7. 

This circle is called the Director Circle of the Ellipse, 
and it will be seen that when the ellipse, by the elongation 
of SC from S is transformed into a parabola, the director 
circle merges into the directrix of the parabola. 

86. Prop. XXIX. The rectangles contained by ths 
segments of any ttoo chords tchich intersect each other are 
in the ratio qfthe squares cf the parallel diameters. 

Through any point in a chord OQ^ draw the diame- 
ter ORR, and let CD be parallel to QC, and CP con- 
jugate to CD, bisecting QQ^ in V, 

Draw B U parallel to CD. 
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Then CJD^-RU^ : CU^ :: CD^ : CP\ Art. 76, 

:: CD^-QV^ : CV\ 
But RU^ : CU^ :: OV^ : CV^; 




or 



or 



CD^ : CJy^ + OV^-QV^ :: Ci72 : C7F2 
CL^ : OQ.OQ" :: C7^ : OB.OE. 



Similarly if Oqc( be any other chord through O, and Cd 
the parallel semi-diameter, 

Cd^ : 0^.0^ :: CB^ : OR.OR'\ 

:. OQ.OQ" : 0^.0^ :: Oi)» : C(P. 

This may otherwise be expressed thus, 

TTie ratio qf tJie rectangles of tJie segments depends 
only on the directions in which they are dravm. 

The proof is the same if the point O be within the 
eUipse. 
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87. Pbop. XXX. If a circle intersect an ellipse in 
/intr points the several pairs qf the chords of intersection 
are equally inclined to the axes. 

For if QQ^, qq^ he a pair of the chords of intersectioii, 
and if these meet in O, or \ye pnidueed to meet in O, the 
rectangles OQ . OQ^, Oq . Oq^ are proportional to the squares 
on the parallel diameters. 

But these rectangles are equal since QQ", qq' are chords 
of a circle. 

Therefore the parallel diameters are equal, and, since 
equal diameters are equally inclined to the axes, it follows 
that the chords Q^, qq" are equally inclined to the axes. 

88. Conversely, if two chords, not parallel, be equally 
inclined to the axes a circle can bo drawn through their 
extremities. 

For, as in Art. 87, if OQQ' be a chord, 

OQ-OQ" : OR,RR :: CL» : CB^, 

and if Oq(f be another chord, and Cd the semi-diameter 
parallel to it, 

Oq,0(i : OR.OR :: Cd* : CR^; 

but, if CD and Cd be equally inclined to the axes, they are 
equal, and 

.-. 0Q,0Q^=0q.0q', 

and a circle can be drawn through the points Q, Q% q, 
andg'. 
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1. If the tangent at B meet the latos rectam produced in 
D, CDX 18 a right aogle. 

2. If PCp be a diameter, and the focal distance p8 produced 
meet the tangent at P in T, SP=ST. 

8. If the normal at P meet the axis minor in G' and G'N be 
the perpendicular from Cr on SP, then PN=AC, 

4. TQ, TQ! are two tangents at right angles^ and CT meetn 
QQ'in V; prove that VT=QV, and, by help of this equality, 
■hew that the locus of T is a circle. 

5. The tangent at P bisects any straight line perpendicular 
io AA' and terminated by AP, A'P, produced if necessary. 

6. Draw a tangent to an ellipse parallel to a given line. 

7. SR being the semi-latus rectum, if RA meet the directrix 
in E, and S£ meet the tangent at il in I*, 

AT=AS. 

8. Prove that SY iSP :: SB: PQ, 
Find where the angle SPS> b greatest. 

9. If two points E and ^ be taken in the normal PG such 
that PE=P£'= CD, the loci of ^ and ^ are circles. 

Shew that the sum of two conjugate diameters is greater than 
the sum of the axes, and that their difference is less than the 
difference of the axes. * 

10. If from the focus S* a line be drawn parallel to SP, it 
will meet the perpendicular SY in the circumference of a circle. 

11. If the normal at P meet the axis major in G, prove that 
PG is an harmonic mean between the perpendiculars from the 
fool on the tangent at P. 
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12. If tanfrents TP, TQ be drawn at tbe extremities P, Q of 
any focal chord of an ellip>ie, prove that the angle PTQ is half 
the supplement of the angle which PQ subtends at the other 
focus. 

13. If F, Z be the feet of tbe perpendiculars from tbe foe 
on the tangent at P; prove that the circle drcumscribed about 
the triangle YNZ will paiss through C, 

14. If ilQ be drawn from one of the vertices perpendicular 
to the tangent at any point P, prove that the locus of tbe point 
of intersectioD of P8 and Q^ produced will be a circle. 

15. If tbe normal at P meet the axis major in O and tbe 
axis minor in K, prove that a circle can be drawn through the 
foci and through the points P, K, and that QK \ SK :, SA i AXi^ 
shew also that, if the tangent at P meet the axis minor in t, 

St : tK :: £C : CD, 

CD being conjugate to CP. 

16. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent at any point 
meet on the normal at the point and bisect it. 

17. If two circles touch each other internally, the locus of 
the centres of circles touching both is an ellipse whose foci are 
the centres of the given circles. 

18. The subnormal at any point P is a third proportional to 
tbe intercept of the tangent at P on the major axis and half tbe 
minor axis. 

19. If the normal at a point P of an ellipse meet the axis in 
G, and tbe tangent at P meet the axis in T, prove that 

TQ : TP :: BC : PG, 

Q being the point where the ordinate at P meets the auxiliary 
circle. 

20. If tbe tangent at any point P of an ellipse meet the 
tangent at tbe extremities of the axis A A' in F and F', prove 
that the rectangle AP, A^F is equal to the square on the semi- 
axis minor. 

21. From any point T outside an ellipse tangents TP, TQ, 
are drawn to the ellipse; prove that a circle can be described 
with T as centre so as to touch SP, HP, 8Q, and ffQ, or these 
lines produced, S and J£ being the foci. 
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22. If two equal and similar ellipses have the same centre, 
shew that their points of intersection are at the extremities of 
diameters at right angles to one another. 

23. The external angle between any iMro tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at the foci. 

'24. The tangent at any point P of an ellipse meets the axes 
in T and t\ if 5 be a focus the angles PSty STP are equal. 

25. P is a point in an ellipse, PMy PN perpendicular to the 
axes meet respectively when produced the circles described on 
these axes as diameters in the points QQj, shew that QQ| passes 
through the centre. 

26. In an ellipse ii SY\b a perpendicular from the ocus S 
on the tangent at P and CD a diameter conjugate to CP, 

8Y.CD=SP. £C. 

27. A conic is drawn touching an ellipse at the extremities 
Af B of the axes, and passing through the centre C of the ellipse; 
prove that the tangent at C7 is parallel to ^^. 

28. The tangent to an ellipse at any point P is cut by any 
two conjugate diameters in T, % and the points T^ t, are joined 
with the foci S,H respectively; prove that the triangles SPT, 
HPt are similar to each other. 

29. If the diameter conjugate to CP meet 8Pt and HP (or 
these produced) in E and E'^ prove that SB is equal to HE\ and 
that the circles which circumscribe the triangles SCE, HCE, are 
equal to one another. 

80. PO is a normal to an ellipse, terminating in the major 
axis ; the circle^ of which PQ is a diameter, cuts SP^ HP, in 
Kt L, respectively: prove that KL is bisected by PQ^ and is 
perpendicular to it. 

81. 8 and H are the foci of an ellipse, and P is a point on 
the curve ; prove that the locus of the centre of the circle in- 
seribed in the triangle SPH is an ellipse. 

82. Tangents to., an ellipse are drawn from any point in a 
circle through the foci, prove that the lines bisecting the angle 
between the tangents all pass through a fixed point. 
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33. If a quadrilateral drcumscribe an ellipse, the angles 
subtended by opposite sides at one of the foci are together equal 
to two right angles. 

34. If the noitaial at P in an ellipse meet the axis minor in 
O, and if the tangent at P meet the tangent at the vertex A in 
V, shew that 5(? : SC :: PV : VA. 

■ 

35. Pf Q are points in two confocal ellipses, at which the 

line joining the common foci subtends equal angles ; prove that 
the tangents at P, Q are inclined at an angle which is equal to 
the angle subtended by PQ at either focus. 

36. The transverse axis is the greatest and the conjugate 
avis the least of all the diameters. 

37. If P, P' be any two points of an ellipse, and S, S* the 
foci, prove that a circle can be drawn so as to touch the four 
straight Unes, SP, 8P', S'P, SP". 

38. If SY, 8 T' be the perpendiculars from the foci on the 

tangent at a point P of an ellipse, and PN the ordinate^ prove 

that 

PT ; PT :: NT : NY. 

39. If a circle, passing through Y and Z, touch the major 
axis in Q, and tbat diameter of tbe circle, which passes through 
Q, meet the tangent in P, then PQ = BC, 

40. Two common chords of a given ellipse and a circle pass 
through a given point ; shew that the locus of the centres of all 
such circles is a straight line through the given point. 

41. Two conjugate diameters of an ellipse are cut by the 
tangent at any point P in 3f , N; prove that the area of the 
triangle CPM varies inversely as that of the triangle CPN. 

42. If P be any point of an ellipse, centre C and il F be 
drawn parallel to PC to meet the conjugate CD in F, prove that 
the areas of the triaogles CA V, CPN are equal, PM being the 
ordinate. 

43. CP and CD are conjugate semi-diameters of an ellipse ; 
PQ is a chord parallel to one of the axes : shew that DQ is par- 
allel to one of the straight lines which join the ends of the axes. 
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44. Prove that the distance between the two points on the 
circumference of an ellipse, at which a given chord, not passing 
through the centre, subtends the greatest and least angles, is 
equal to the diameter which bisects that chord. 

45. A tangent to an ellipse at a point P intersects a fixed 
tangent in ^T; if iS is the focus and a line be drawn through ^ 
perpendicular to ST^ meeting the tangent at P in Q, shew that 
the locus of Q is a straight line touching the ellipse. 

46. Shew that, if the distance between the foci of the ellipse 
be greater than the length of its axis minor, there will be four 
positions of the tangent, fur which the area of the triangle, 
included between it and the straight lines drawn from the centre 
of the curve to the feet of the perpendiculars from the foci on the 
tangent, will be the greatest possible. 

47. Two ellipses whose axes are equal, each to each, are 
placed in the same plane with tiieir centres coincident, and axes 
inclined to each other. Draw their common tangents. 

48. If Pp be drawn parallel to the transverse axis meeting 
the ellipse in P, p, and the circle whose diameter is the conju- 
gate axis in Jt, r, then shall 

Pp : Rr :: QQ' : PP\ 

49. The tangent at any point P of a circle meets the tan- 
gent at a fixed point A ia. T, and T is joined with B the extre- 
mity of the diameter passing through A ; the locus of the point 
uf intersection of AP, BTia an ellipse. 

50. If PO, the normal at P, cut the major axis in (r, and if 
DR, PN be the ordinates of D and P, CD being conjugate to 
CP, prove that the triangles PGN, DEC are similar ; and thence 
deduce that PQ bears a constant ratio to CD, 

61. The ordinate NP at a point P of an ellipse meets, when 
produced, the circle on the major axis in Q, If iS^ be a focus of 
the ellipse, prove geometrically, or otherwise, that SQ : SP :: the 
axis major : the chord of the circle through Q and ^S^, and that 
the diameter of the ellipse parallel to SP is equal to the same 
chord. 

52. If the perpendicular from the centre (7 of a conic on the 
tangent at P meet the focal distance SP produced in i?, the locus 
of i2 is a circle, the diameter of which is equal to the axis major. 



80 The Ellipse. 

53. A perfectly elastic billiard ball lies on an elliptical bil- 
liard table, and is projected in any direction along the table 
shew that all the lines in which it moves after each successive 
impact touch an ellipse or an hyperbola confocal with the billiard 
table. 

54. Shew that a circle can be drawn through the foci and 
the intersectioDS of any tangent with the tangent at the vertices. 

55. Any diameter is a mean proportional between the trans- 
verse axis and the focal chord parallel to the diameter. 

56. If CP, CD be conjugate semi-diameters, and a rectangle 
be described so as to have PD for a diagonal and its sides paral- 
lel to the arcs, the other angular points will be situated on two 
fixed straight lines passing through the centre C. 

57. If the tangent at P meet the minor axis in T, prove 
that the areas of the triangles SPS\ STS' are in the ratio of 
the squares on CD and ST, 

58. Find the locus of the centre of the circle touching the 
transverse axis, 8P, and S'P produced. 

59. If a parallelogram circumscribe an ellipse, it is not less 
than the rectangle contained by the axes. 

60. If !r be the angle between two tangents at the ends of 
a focal chord, and S the angle subtended by the chord at the 
other focus, 2jr+'S^ is equal to two right angles. 

61. If CD be conjugate to CP, 

8Y: SP :: BC : CD. 

62. If PSP', QSQ' be focal chords, 

PS.SP' iQS.SQ' :: PP' : QQ\ 

63. If the centre, a tangent, and the transverse axis of an 
ellipse be given, prove that the directrices pass each through a 
fixed point. 

64. The straight line joining the feet of perpendiculars from 
the focus on two tangents is at right angles to the line joining 
the intersection of the tangents with the other focus. 

65. A circle passes through a focus of an ellipse, has its 
centre on the major axis of the ellipse, and touches the ellipse : 
shew that the straight line from the focus to the point of contact 
is equal to the latus rectum. 
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66. Prove tbst the perimeter of tbe quadrilateral formed by 
the tangent, tbe perpeD^culars, and the transverse axis, will be 
the greatest possible when the focal distances of the point of con- 
tact are at right angles to each other. 

67. If CQ be conjugate to the normal at P in an ellipse, 
then is CP conjugate to the normal at Q. 

68. From any point on one of tbe equi-eonjugate diameters 
of an ellipse two tangents are drawn ; prove that the circle pass- 
ing through the point and the two points of contact will also 
pass through the centre. 

69. If PNhe the ordinate of any point P of an ellipse, centre 
C, and if with centre C and radius equal to PN a circle be de- 
scribed intersecting PN in Q, prove that the locus of Q is an 
ellipse. I 

70. If CP be any diameter of an ellipse, and A QO be drawn 
parallel to CP, meeting the curve in Q and the minor axis in 0, 
2CP*=A0.AQ. 

71. PS is the focal distance of a point in an ellipse ; CR is 
a radius of the auxiliary circle parallel to PS, and drawn in the 
direction fix>m P to iS ; SQ is a perpendicular on CM : shew that 
the rectangle contained by SP and QR is equal to the square on 
half the minor axis, 

72. If a focus of an ellipse be joined with the point where 
the tangent at the nearer vertex intersects any other tangent, 
and perpendiculars be let fall from the other focus on the joining 
line and on the last-mentioned tangent, prove that the distance 
between the feet of these perpendiculars is equal to the distance 
from either focus to thd remoter vertex. 

73. A parallelogram is described about an elHpse; if two 
of its angular points lie on the directrices, the other two will He 
on the auxiliary circle. 

74. From a point in the auxiliary circle straight lines are 
drawn touching the ellipse in P and P' ; prove that SP is parallel 
tOiS^P', 

75. If the tangent and normal at a point P of an ellipse 
meet the axis major in T and G respectively, prove that 

CCCT^CS^. 

B.a& 6 



82 The Ellipse. 

76. Find the locus of the points of contact of tangents to a 
■eries of confocal ellipses from a fixed point in the axis major, 

77. A series of confocal ellipses intersect a given straight 
line ; prove that the locus of the points of intersection of the 
pairs of tangents drawn at the extremities of the chords of inter- 
section is a straight line at right angles to the given straight line. 

78. Given the focus and the length of the major axis ; de* 
scribe an ellipse touching a given straight line and passing through 
a given point. 

79. Oiven the focus and the length of the major axis ; de- 
scribe an ellipse touching two given straight lines. 

80. Find the positions of the foci and directrices of an ellipse 
which touches at two given points P^ Q, two given straight lines 
PO, QOt and has one focus on the line PQ, the angle POQ being 
less than a right angle. 

81. Through any point P of an ellipse are drawn straight 
lines APQ, A'PB, meeting the auxiliary circle ia Q, M, and ordi- 
nates Qq^ Mr are drawn to the transverse axis; prove that, L being 
an extremity of the latus rectum, 

Aq.A'r : Ar . A'q :: AC^ : SLK 

82. If a tangent at a point P meet the major axis in T, and 
the perpendiculaiH from the focus and centre in T and Z, then 

TY* : P7> :: TZ : PZ. 

88. An ellipse slides between two lines at right angles to 
each other ; find the locus of its centre. 

84. TP, TQ are two tangents to. an ellipse, and CP', CQ! 
are the radii from the centre respectively parallel to these tangents^ 
prove that P'Qf is parallel to PQ, 

85. The tangent at P meets the minor axis mt; prove that 

SC.PN=B0.CD. 

86. If the circle, centre t, and radius tS, meet the ellipse in 
Q, and QM be the ordinate, prove that 

QM : PN :: BO; BC+CD. 
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87. OQ, OQf are tangents to an ellipse from an external 
point 0, and OR is a diagonal of the parallelogram of which OQ, 
OQ^ are adjacent sides ; prove that if M be on the ellipsCi will 
lie on a similar and similarly situated concentric ellipse. 

« 

88. PQ is the chord of an ellipse normal at P, LOV the 
diameter bisecting it, shew that PQ bisects the angle LPU and 
LP + PL is constant. 

89. ABC is an isosceles triangle of which the side AB ia 
equal to the side A C, BD, BE drawn on opposite sides of BC 
and equally inclined to it meet AC in D and E, If an ellipse is 
described round BDE having its axis minor parallel to BC,^ then 
AB will be a tangent to the ellipse. 

90. If il be the extremity of the major axis of an ellipse and 
P any point on the curve, the bisectors of the angles PSA^ PSA 
meet on the tangent at P. 

91. If two ellipses intersect in four points, the diameters 
parallel to a pair of the chords of intersection are in the same 
ratio to e^h other. 

92. From any point P of an ellipse a straight line PQ is 
drawn perpendicular to the focal distance SP, and meeting in Q 
the diameter conjugate to that through P; shew that PQ varies 
inversely as the ordinate of P, 

98. The tangent at a point P of an ellipse meets the tangents 
at the vertices in F, V'\ on FF' as diameter a circle is described, 
which intersects the ellipse in Q, Q'; shew that the ordinate to 
Q : the ordinate to P :: BC : BC-k- CD^ where CD is conjugate 
to CP. 

94. PCP* is any diameter of an ellipse. The tangents at 
any two points D and E intersect in F, PE, P'D intersect in 
G. Shew that FQ is parallel to the diameter conjugate to PCP". 

95. If a circle be drawn through the foci of two confocal 
ellipses, cutting the ellipses in P and Q, the tangents to the 
ellipses at P and Q will intersect on the circumference of the 
same circle. 

96. If any two points P, Q be given in an ellipse, prove that 
a third point R may be found so that the angle PRQ is a maxi- 
mum by the following construction. Draw a tangent parallel to 

6-2 
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PQ, touching the ellipse in K, and draw KR perpendicalar to the 
major axis, cnttmg the curve again in R, 

97. Through the middle point of a focal chord of an ellipse 
a straight line is drawn at right angles to it to meet the axis in 
M ; prove that SR hears to SO the duplicate ratio of the chord 
to the diameter parallel to it, iS heing the focus and C the centre. 

98. The tangent at a point P of an ellipse meets the auxiliary 
circle in Q' to which corresponds Q on the ellipse ; prove that the 
tangent at Q cuts the auxiliary circle in the point corresponding 
toP, 

99. If a chord he drawn to a series of concentric, omilar, 
and similarly situated ellipses, and meet one in P and Q, and if 
on PQ as diameter a circle be described meeting that eUipee again 
in MS, shew that RS is constant in position. 

100. An ellipse touches the sides of a triangle ; prove that if 
one of its foci move along the arc of a circle passing through two 
of the angular points of the triangle, the other will move along 
the arc of a drde through the same two angular points. 



CHAPTER IV. 

THE HYPERBOLA. 

Definition. 

An hyperbola is tJie curve traced by a point which 
moves in such a manner, that its distance from a given 
point is in a constant ratio qf greater inequality to its 
distance from a given straight line. 

Tracing the Curve. 

89. Let S be the focus, JEX the directrix, and A the 
vertez. 




Then, as in Art. 2, any number of points on the carve 
may be obtained by taking snccessiYe positions of J5 on the 
directrix. 
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In SX produced, find a point A' such that 
SA' : A'X :: SA : AX, 

then A' is the other vertex as in the ellipse, and, the 
eccentricity being greater than unity, the points A and A 
are evidently on opposite sides of the directrix. 

Find the point P corresponding to E^ and let A'E, PS 
produced meet in P', then, if P'JT' perpendicular to the 
directrix meet SE produced in Z', 

P'Z' : F'K' :: SA' : A'X 

:: SA : AX, 
and the angle 

rL'S=USX=USP'\ 

:. SP'^F'r. 

Hence P' is a point in the curve, and P/SP' is a focal 
chord. ' 

Following put the construction, we observe that, since 
SA is greater than AX, there are two points on the 
directrix, e and ^, such that Ae and Ae^ are each equal to 

AS. 

If E coincide with e, the angle 

QSL=LSN^ASe=AeS. 




Hence SQ, AP are parallel, and the corresponding 
point of the curve is. at an infinite distance; and similarly 
the curve tends to infinity in the direction Ae^, 
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Farther, the angle ASE is less or greater than AES, 
according as the point E is, or is not^ between e and e\ 

Hence, when E is below e^ the cmre lies above the 
axis, to the right of the directrix ; when between e and X, 
below the axis, to the left ; when between X and ^, above 
the axis to the left ; and when above if, below the axis, to 
the right. Hence a general idea can be obtained of the 
form of the curve, tending to infinity in four directions, as 
in the figure of Art. 98* 

Dbpinitions. 

The line AA' is caUed the transverse axis qf the 
hyperbola. 

The middle pointy (7, cfAA' is the centre. 

Any straight line, drawn through (7, and terminated 
by the curve is called a diameter. 

90. Peop. I. XfPhe any point of an hyperhola, and 
A A' its transverse aans, and if A'P, and PA produced, 
(or PA and PA produced) meet the directrix in E and 
Fy EF svbtewds a right angle at the focus. 

Let PKL, perpendicular to the directrix, meet SF 
produced in L, 

L K P 




Then 



or 



PL : SA :: PF : A'F 
:: PK : A'X, 
PL : PK :: SA : A'X; 

.-. SP=:^PLy 
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and the angle 

LSP=PL8=LSX. 

Bat, if PS be prodnced to P', E8 bisects the angle 
ASP'i 

.'. E8F\& a right angle. 

91. We shall now prove the existence of another focus 
and directrix corresponding to the vertex A\ 

In A A' take a pomt X' such that A'X'=AXy and 
through X' draw a straight line perpendicular to AA\ 
Also in SA' produced, take a pomt 8 such that A'S^=A8. 

Let AP and PA produced meet the perpendicular 
through X in/and e^ and join 86^ 8/. 




Then 



eX' : EX 



AX' : AX, 

AX : AX, 

FX \fX'\ 

:. eX . fX=EX. FX^8X^^8'X^. 

Hence e8^f\A a right angle. 

Through P draw PKG parallel to the axis meeting 
EX, eX in K, G, and e8', iSy produced m Z and /; 
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then PL : PG :: ST A : AX', 

and PI : P6? :: S'A' : ^'X'; 

.-. PL^Pl\ 
and, ZaS^/ being a right angle, 

S'P^PL^Pl\ 
.-. ^'P : PG :: iS^'^l' : A'X'\ 

and the curve can be described -by means of the focus Si 
and directrix eX*, 

Hence it follows that the curve is symmetrical with 
regard to the point (7, and that it lies wholly without the 
tangents at the vertices A and A\ 

92. Prop. II. If PN he the ordinate qf a point P, 
and AC A ths traneverse axis, PN* is to AN. NA' in a 
constant ratio. 

J/>in AP, A'P, meeting the directrix in E and F, 
fig. Art. 90. 

Then PN : AN :: EX : AX, 

and PN : A'N :: FX : AX; 

/. PiP : AN.NA' :: EX .FX : AX.A'X 

:: SX* : AX.A'X. 

Since ^/SP is a right angle; that is, PN* Sa\jo AN.NA* 
in a constant ratio. 

Through C, the middle point of AA*, draw CB at right 
angles to the axis, and such that 

BC* : A(P :: SX* : AX.A'X; 
then PN* : AN.NA' :: BC* : AC*, 

or PN^ : CN*-AC* :: BC^ : ^CT 

Cos. If PM be the perpendicular from P on ^(7, 

PM=--CN, and PN=CM; 

.-. C7if« : PM^-AC* :: -eC7« : ^(7», 
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or CM^ : 5C» :: PM^-A(P : AC^\ 

or PM^ : CM^+BC* :: ^(7« : EC*. 

Conversely, if a point P curve in such a manner that iW is 
to ^iV . NA' in a constant ratio, PN being the distance of P 
from the line joining two fixed points A and A\ and N not being 
between A and il% the locus of P is an hyperbola of which A A' 
is the transverse axis. 

93. If we describe the circle on AA' as diameter, 
which we may term for convenience, the auxiliary circle^ 
the rectangle AN,NA' is equal to the square on the 
tangent to the circle from N. 

Hence the preceding theorem may be thus expressed : 

The ordinate of an hyperbola is to the tangent from 
its foot to the auxiliary circle in the ratio qf the conjugate 
to the transverse axis, 

Def. ^f CB' be taken equal to CB, on the other side qf 
the axis, the line BCB' is called the conjugate axis. 

The ttoo lines AA\ BH are the principal axes of the 
curve. 

When these lines are equal, the hyperbola is said to be 
equilateral, or rectangular. 

The lines AA^, BB' are sometimes called m^jor and 
minor axes, but, as AA^ is not necessarily greater, than 
BB, these terms cannot with propriety be generally em- 
ployed* 

94. Prop. III. J[f AC A* be the transverse axis, G 
the centre, S one qf the foci, and X the foot qf the 
directrix, 

CS : CA :: CA : CX :: 8A : AX, 

and CS : CX :: CS* : CAK 

Interchanging the positions of S and X for a new 
ff A' X C X A, 8 
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figare, the proof of these relations is identical with the 
proof giyen for the ellipse in Art 57* 

96. Prop. IV. Jf 8 he a focus^ and B an extremity 
qf the conjugate axis, 

B(P=AS.SA', and SC^=A€f^+BCK 

Referring to Art. (94), SX=SA +AX; 

:. SX : AX :; SA-hAX : AX, 

:: SC+AO : AC; 

and similarly 

SX : AX :: SC-AO : AC; 

.-. SX* : AX . A'X :: SC^-AG* : AC*. 

But BC^.AC* :: SX* : AX . AX ; 

/. BC^=SC*-'AC^=AS . SA\ 

Hence SC*=AC^+BC*=AB'; 

i. e. SC is equal to the line joining the ends of the axes. 

96. Prop. V. The difference of the focal distances qf 
any point is equal to the transverse axis. 

For, if PKK'^ perpendicular to the directrices, meet 
them in iT and j^, 

^P : PK' :: SA : AX, 

and SP : PK :: SA : AX ; 

.-. S'P-SP ; XX' :: SA : AX, 

.-. S'P-SP=AA\ 
CoR. 1. SP : NX :: -4(7 : CX ; 

.-. /SP :^(7::iVX: CX \ 
.-. SP+AC : ^(7 :: CiV : (7X, 
or iSP+^a : CN :: aS^ : AX. 

Hence also S'P-AC : CN :: iS4 : -4X 
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' CoeI 2. Bence alio it can he easily »?iewn, that the 
difference qfthe ditta/nees qf any paint from the foci cf 
an hyperbola, is greater or less than the tramverse axii^ 
according as the point is tdthin or without the concave 
side qf the curve. 



97. Mechanical Construction qf the Hyperbola. 

Let a straight rod S'ltJae moveable in the plane of the 
paper about the point h'. Take a piece of string, the 




length of which is less than that of the rod, and fasten (me 
end to a fixed point S, and the other end to Z, then press- 
ing a pencil against, the string so as to keep it stretched, 
and a part of it PL in contact with the rod, the pencil wiU 
trace out on the paper an hyperbola, having its foci at S 
and 8\ and its t^taiSverse axis equal to the difference be- 
tween the length of the rod and that of the string. 

This construction gives the right-hand branch of the 
curve ; to trace the other branch, take the string longer 
than the rod, and. such that it exceeds the length of the 
rod by the transverse axis. 

We may remark that by taking a longer rod MS'L, and 
taking the string longer than SS'-hS'L, so that the 
point P will be always on the end S'M of the rod, we shidl 
obtain an ellipse of which S and S' are the focL More- 
over, remembering that a parabola is the limiting form of 
an ellipse when one of the foci is removed to an infinite 
distance, the mechanical construction, given for the parar 
bola wiU be seen to be a particular case of the above. 
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The Asymptote^ 

98. We have shewn in Art (89) that if two points, e 
and ^, be taken on the directrix such that 

Ae=Ae^=AS, 

the lines eA, e^A meet the cnrye at an infinite dis- 
tance. 

These lines are parallel to the diagonals of the rect- 
angle formed by the axes, for 

Ae I AX :: AS : -4X, 

:: SG : AC, Art. (93), 

:: AB : AC. 

Definition. The diagonalg qf the rectangle formed 
by the principai axis are called the asymptotes. 

We obselrve that the axes bisect the angles between the 
asymptotes, and that if a double ^ ordinate, PNP, when 
produced, meet the asymptotes in Q and Qf^ 

PQ=rQ. 

The figure appended will giye the general form of the 
curve and its connection with the asymptotes and the 
auxiliary circle. 
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99. Prop. YI. The asymptotes intersect the directrices 
in the same points as the auxiliary circle, and the lines 
joining the corresponding foci with the points qf inter- 
section are tangents to the circle. 

Let the asymptote CL meet the directrix in D^ and 
join SD ; fig. Art. (98). 

Then CD : CX :: CL : CA 

:: SC : CA, Art. 94^ 

:: CA : CX\ 

.*. CD-CAy and 2> is on the auxiliary drcle. 

Also 

CS.CX^CA^^CIf, 

•*. CDShB a right angle, and SD is the tanj^ent at 2>. 

Cob, CZ)»+/S2>»=C7>ya=^C;«+-e(^,Art.96; 

.-. SD=BG. 

100. An asymptote may also be characterized as the ultimate 
position of a tangent when the point of contact is removed to an 
infinite distance. 

It appears from Art. (7) that in order to find the point ci 
contact of a tangeut drawn from a point T in. the directrix, we 
must join T with the focus S, and draw through S a straight line 
at right angles to ST', this line will meet the curve in the point 
of contact. 

In the figure of Art. (98) we know that the straight line through 
S^ parallel to eA or CL, meets the curve in a point at an infinite 
distance, and also that this straight line is at right angles to SDy 
since SD is at right angles to QD, Hence the tangent from D, 
that is the line from D to the point at an infinite distance, Lb 
perpendicular to DS and therefore coincident with CD, 

The asymptotes therefore touch the curve at an infinite 
distance. 

101. Dkp. If an hyperbola he described, having for 
its transverse and conjitgate axes, respectively, the con- 
jiegate and transverse axes of a given hyperbola, it is 
called the coiyugate hyperbola. 
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It is eyident from the preceding article that the conja- 
gate hyperbola has the same asymptotes as the original 
hyperbola, and that the distances of its foci from the centre 
are also tlie same. > 

The. relations of Art. (92) and its Corollary are also tme, 
mutatis mutandis, of the conjugate hyperbola ; thus, in 
Art (92), if P be a point in the conjugate hyperbolai 



and 



PJP : CM^-BG^ :: AC* : BC\ 
CM^ : PM^^AC^ :: EC* : AC\ 



Dbf. a straight line drawn through the centre and 
terminated by the conjugate hyperbola is also called a 
diameter qfthe original hyperbola,^ 

102. Prop. VIL I/from any point Q in one of the 
asymptotes, ttoo straight lines QPN, QRM be drawn at 
right angles respectively to the transverse and conjugate 
axes, and meeting the hyperbola in P, p, and the conju- 
gate hyperbola in B, r. 



and 



QP.Qp=BC\ 
QR . Qr^ACK 



:Bi y0 .y^ 




For QN* : BC^ ;: CN* : AC^\ 

.'. Qljf^-BC^ : BC* :: CN*-AC^ : AG* 
^ ;: PIP : BG^; 
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or 
ie. 
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QP\ Qp=BC\ 




SimUarly, QHP : AC^ :: CM* : B(P; 

/. QM^-AC^ : AC* :: CM^-BC* : B(P, 

:: R3P lAC*; 

.-. QM*-BM^=AG\ 

or QR . Qr=AG\ 

These relations may also be giyen in the form, 

QP.Pq=BC^y QB.Rq'=AC\ 

Cob. If the point Q be taken at a greater distance' 
from C, the length QJV and therefore Qp will be increased 
and may be increased indefinitely. 

But the rectangle QP.Qp is of finite magnitude; 
hence QP will be indefinitely diminished, and the curve, 
therefore, as it recedes from the centre, tends more and 
more nearly to coincidence with the asymptote. 

A further illustration is thus given of the renuurka in 
Art (100), 

103. If in the preceding figure the line Qq be pro- 
duced to meet the conjugate hyperbola in JS and e^ it can 
be shewn, in the same manner as in Art. (102), 

QE.Qe^^BC^l 
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and this equality is still tme when the line Qq lies between 
C and A, in which case Qq does not meet the hyperbola. 



Properties qfthe Tangent and Normal, 

104. Prop, y III. The tangent at any point bisects 
the angle between thejbcal distances 0/ that point, and the 
normal is eqaaUy inclined to the focal distances. 

Let the normal at P meet the axis in Q, 

Then, Art, (16), 

SG : 8P :: 8A : AX, 

and S'G : SP :: SA : AX ; 

,\ SG : S'G :: SP : S'P ; 

and therefore the angle between SP and SP produced is 
bisected by PG. 

Hence PT the tangent which is perpendicular to PG 
bisects the angle SPS\ 

Cob. 1. If PT and GP produced meet, respectiyely, 
the conjugate axis in t and g, it can be shewn, in exactly 
the same manner as in the corresponding case of the ellipse. 
Art. 64, that the circle which circumscribes SPS' also 
passes tiirough t and g. 

Cor. 2. ' If an ellipse be described having S and S' for 
its foci, and if this ellipse meet the hyperbola in P, the 
normal at P to the ellipse bisects the angle SPS^, and 
therefore coincides with the tangent to the hyperbola. 

Hence, if an ellipse and an hyperbola be confocal, that 
is, have the same foci, they intersect at right angles, 

105. Prop. IX. Every diameter is bisected at the 
centre, and the tangents at the ends of a diameter are 
parallel. 

Let PCp be a diameter, and PN, pn the ordinates. 

Then CN' : Cn" :: PN^ : pn\ 

:: CN^-AC^ : On^-AC^; 

B.O.S. 7 
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hence 


CN=Cny 


and 


,\ CP=Cp. 




Again, if PTy pt be the tangents. 

The triangles PCS, PCS'" are equal in all respects, 
and therefore SPS'p is a parallelogram. 

Hence the angles 8P8\ Sp8' are eqnal, and therefore 
SPT=S'pt 

But SPCS'pC, 

.'. the difference TPC^the difference tpC, and PT 
is parallel to pt 

It can be shewn in exactly the same manner, that, if 
the diameter be terminated by the conjugate hyperbola, 
it is bisected in C, and the tangents at its extremities are 
parallel. 

Cob. The distances SP, Sp are equally inclined to the 
tangents at P and p. 

106. Prop. X. The perpendiculars from the foci 
on any tangent meet the tangent on the auxiliary circle^ 
and the semi-€Of{jugate aais is a mean proportional be- 
tween their lengths. 

Let SY, 8'Y* be the perpendiculars, and let 8Y pro- 
duced meet 8'P in Z. 

Then the triangles 8PY, LPY are equal in all re- 
spects, 
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Hence, C being the middle point of SS' and F of SL^ 
CYis paraUel to S'L, and S'L=2CT. 




But SX^S*P-'PL=:S'P-SP=2ACi 

.-. CY=AC, 

and y is on the auxiliary circle. 

So also Y' is a point in the circle. 

Let /S'F produced meet the circle in Z, and join Y'Z\ 
then, Y^YZ being a right angle, ZY' is a diameter and 
passes throng C, Hence, the triangles SCZy S'CY' being 

equal 

S'Y'=SZ, 

and SY. S'Y'=SY. SZ=SA . SA'=BC\ 

Cob. 1. HP* be the other extremifcy of the diameter 
PC, the tangent at P' is parallel to P F, and therefore Z 
is the foot of the perpendicular from Sou the tangent at 
^> 

Cob. 2. If the diameter DGD\ drawn parallel to the 
tangent at P, meet S*P, /SP in ^ and E\ PEGY is a 
parallelogram ; 

.-. PE=CY=AC, 

and 80 also PE'=^CY'=AC. 

107. Pbop. XL To draw tangents to an hyperbolj 
from a given point. 

7-2 
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The constraction of Art (14) may be employed, or, as in 
the cases of the ellipse and parabola, the following. 

Let Q be the given point ; join SQ^ and upon SQ as 




diameter describe a circle intersecting the auxiliary circle 
in yand Y' ; 

Q Y and Q F' are the required tangents. 

Producing SY to Z, for that YL=SY, draw S'L 
cutting QYinP^ and join SP. 

The triangles 8P F, LP Y are equal in all respects, 

and £I'P-'SP=S'L=2CY=2AC, 

,\ P is a point on the hyperbola. 

Also QP bisects the angle SPS', and is therefore the 
tangent at P. A similar construction will give the other 
tangent QP. 

If the point Q be within the angle formed by the 
asymptotes, the tangents wiU both touch the same branch 
of the curve ; but if it lie within the external angle^ they 
will touch opposite branches. 

108. Peop. XII. Jf two tangents be draton from 
any point to an. hyperbola they are eqtwlly inclined to 
the focal distances of th^ point. 
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Let PQ, P'Q be the tangents, SY, S'Y\ SZ, S'Z' the 
perpendiculars from the foci ; join FZ, Y^Z', 




Then the angles YSZ, Y'S'Z' are equal, for they are 
the supplements of FQZ, Y'QZ'. 

Also BY, S' Y'^SZ . S'Z\ Art. (106) ; 
or SY : SZ :: S'Z' : S'Y'; 

.-. the triangles YZS, Y'S'Z' are simUar, 
and the angle YZS=ZY'S'. 
But the angle YQS= YZS, and Z'QS' = Y'Z'S' ; 

.-. YQS=Z'QS'. 

That is, the tangent QP, and the tangent P'Q pro- 
duced are equally inclined to SQ and S'Q, 

Or, producing ^'Q, QP and QP' are equally inclined 
to QS sad S'Q produced. 

In exactly the same manner it can be shewn that if 
QPf QP' touch opposite branches of the curve the angles 
PQS, PQS' are equal 

Cob. If Q be a point in a confocal hyperbola, the nor- 
mal at Q bisects the angle between SQ and S'Q produced, 
and therefore bisects the angle PQP', 

Hence, if from any point qfan hyperbola tangents be 
drawn to a ccmfocal hyperbolay these tangents are equally 
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inclined to the normal or the tangent at the pointy aceord- 
ing as it lie» within or toithout that angle formed ky the 
asymptotes of the confocal which contains the transverse 



axes. 



\ 



109. Prop. XIIL IfPT.the tangent at P, meet the 
transverse axis in T^ and PN he the ordinate^ 

CN . CT=AC\ 

Let fall the perpendicular Sy npcm PT^ and join yN, 
Cy, SP, and S'P. 




The angle CyT^S'Py 

=^SPy 

=the supplement of SNy 
= CNy; 

also the angle yCT is common to the two triangles CyT^ 
CyN; these triangles are therefore similar, 

and CN : Cy :: Oy : CT, 

or CN.CT=Cy'=AC\ 

CoR. 1. Hence CN . NT= CN^- CN . CT 

= CN^-AC* 
^AN.NA\ 

Cos. 2. Hence also it follows that 

If any number of hyperbolas be described haying the 
same transyerse axis, and an ordinate be drawn cuttiDg 
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the hyperbolas, the tangents at the points of section will 
all meet the transyerse axis in the same point 

Cob. 3. If* CN be increased indefinitely, CT is dimi- 
nished indefinitely, and the tangent ultimately passes 
through C, as we have already shewn, Art. (100). 

110. Peop. XIV. J/ the tangent at P meet the con- 
jugate cuns in t, and PN he the ordinate^ 

Ct.PN^BG. 

For, Fig. Art (W9), 

Then Ct : PN :: CT : NT\ 

/. Ct.PN'. PIP :: CT. CN : CN. NT, 

:: -4(7« : AN . NA'. 

:. Ct.PN \ AC^ :: PN^ : AN. NA\ 

:: BC^ : AC\ 
and Ct.PN ^BC\ 

111. Pbop. XV. If the normal at P meet the trans- 
verse aans in O, the coi\fiigate axis in g, and the diameter 
parallel to the tangent at P in F, 

PF.PG=BC'y and PF.Pg^ACK 

Let iVP, PMy perpendicular to the axes, meet the dia- 




meter CF in K and Z, and let the tangents meet the axes 
in TsssL^t. 
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Then RNG, KFG being right angles, a drcle can be 
described abont KFNG, and therefore 

PF. PG=-PK. PN=Ct . PN 




or 



Similarly a circle can be drawn throngh FLMg ; 
.-. PF.Pg=PL . PM^CT, CN, 

« 

Cob. Hence 

PG : Pg :: BC* : AC^. 

Also, PNG, PMg are similar triangles ; 

/. NG : MP :: PG : Pg, 

:: BC^ : AC*, 
NG : CN :: BO* 



Hence 



or 



AC\ 



CN : CG :: AC* : AC*-¥BC\ 

:: AC* : /^(7*, 
C6? : CN :: aSC'* : -4(7s. 



112. Peop. XVI. IfPCp he a diameter, and QV 

an ordinate, and if the tangent at Q meet ths diameter 

Pp in T, 

CV,CT=CP*. 
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Let the tangents at P and p meet the tangent at Q in 
72 and r; 




41V 



Then the angle SPR=8pr, Cor. Art. (105), 

and therefore if RN, m be the perpendicnlars on SP, sp, 
the triangles BPNy rpn are similar. 

Draw BMy rm perpendiculars on SQ. 



Then 



TR : Tr 



or 
or 



RP : rp, 
RN : rn, 

RM : rm, Cor. Art. (13), 
RQ : rQ. 

Hence, QF, RPy and rp being parallel, 
TP : Tp :: PV : pV; 

:. TP-^Tp : Tp-TP ;: PF+pF : pF-PF, 

2CP : 2CT :: 2CF : 2CP, 

CF.CT=CP'. 
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113. Peop. XVII. a diameter bisects all chords 
paraUd to the tangents at its extremities. 

Let PCp be the diameter, and QQf the chord, parallel 




to the tangents at P and p. Then if the tangents TQ^ 
TQ[ at Q and Q' meet the tangents at P and p^ in the 
points E^ E\ e, 6^, 

EP=E'P and ep=e^p, Art. (16); 

.*. The point T is on the line Pp ; 

but TP bisects QQf ; 

that is, the diameter pC!P produced bisects QQ, 

Def. The line DCd, draton parallel to the tangent at 
Pf and terminated by the conjugate hyperbola, that is, the 
diameter parallel to the tangent at P^is said to be con- 
jugate to PCp. 

A diameter therefore bisects all chords parallel to its 
conjugate. 

114. Peop. XVIII. If the diameter DOd be cof^ 
gate to PCp, then toill PCp be conjtigate to DCd. 

Let the chord Q Vq be parallel to CD and be bisected 
in V by CP produced. 

Draw the diameter qCB, and join BQ meeting CD in U, 
Then RC^Cq and QV= Vq-, 

.'. QB is paraUel to CP. 
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Also QU : UR :; Cq : CR, 

and /. QU^UR; 




that isy C2> bisects the chords parallel to CP, and PQ? is 
therefore coigugate to DCd. 

Hence when two diameters are conjugate, each bisects 
the chords parallel to the other. 

115. Def. Chords drawn frtym, the extremities of 
any diameter to a point on the hyperbola are called sup- 
plemental chords. 

Thus, qQ, QR are supplemental chords, and they are 
parallel to CD and CP ; supplemental chords are there- 
fore parallel to conjugate diameters. 

Def. a line Q F, drawn from any point Q qf an 
hyperbola, parallel to a diameter DCd, and terminated 
by the conjugate diameter PCp, is called an ordinate qf 
the diameter PCp, and ifQV prodv>ced meet the curve 
in Off Q VQ is the double ordinate. 

This definition includes the two cases in which QQ^ may 
be drawn so as to meet the same, or opposite branches of 
the hyperbola. 
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116. Pbop. XIX. Xf from <my point Q in an asym- 
ptote QPpq he drawn meeting the curve in P, p and the 
other asymptote in q^ and if CD be the semirdiameter 
parallel to Qq, 

QP.Pq=CD^ and QP = Pq. 

Throngh P and D draw RPr, DTt perpendicular to 
the transverse axis, and meeting the asymptotes. 




Then QP : RP :: CD : DT, 

and Pq : Pr :: CD : Dt; 
.-. QPPq : BP. Pr :: CD^ : DT. Dt. 
But BP.Pr=-BC^ = DT. Dt, Art (103), 

.-. QP.Pq^CD\ 
Similarly qp*pQ = CD^ ; 

.\ QP.Pq^qp.pQ; 
or, if rbe the middle point of Qg, 
QV^ - p-n = QV^ - pV^. 
Hence PV = pry 

and .'. PQ =pq. 

We have taken the case in which Qq meets one branch 
of the hyperbola. It may however be shewn in the same 
manner that the same relations hold good for the case in 

'^ Qq meets opposite branches. 
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CoE. If a straight line PP'p'p meet the hyperbola in 
P, p, and the conjugate hyperbola in P', p\ PP* = pp\ 

For, if the line meet the asymptotes in Q, q^ 

QP'=p'q. 

and PQ = qp ; 

/. PP' = pp\ 

117. Prop. XX. The portion qf a tangent, which is 
terminated by the asymptotes, is bisected at the point of 
contact, and is equal to the parallel diameter. 

LEI being the tangent, Fig. Art. (116), and DCd the 
parallel diameter, draw any parallel straight line QPj}q 
meeting the curye and the asymptotes. 

Then QP = pq ; and, if the line move parallel to itself 
nntil it coincides with LI, the points P axtdp coincide with 
JE, and /. LB = JEl, 

Also QP . Pq = CL^, always, and therefore 

LE.El = CD\ 

or LE=CD, 

It may be noticed that since the asymptotes are tangents, 
the fact that LE = Elia a particular case of the general property 
demonstrated in Art. (16). 

Properties qf Conjugate Diameters, 

118. Prop. XXI. Conjugate diameters of an hyper- 
bola are also conjugate diameters of the conjitgate hyper- 
bola, and the asymptotes are diagonals of the parallelo- 
gram formed by the tangents at their extremities, 

PCp and DCd being conjugate, let Q Vq, a double 
ordinate of CD, meet the conjugate hyperbola in Q- and ^. 

Then QV = Vq, 

and QQ'^^q^, Cor. Art. (116) ; 

.-. QV^ Vq\ 
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That is, CD bisects the chords of the ooiyiigate hyperbola 
IMurallel to CP. 




Hence CD and CP are coiyugate in both hyperbolas, 
and therefore the tangent at 2> is parallel to CP, 

Let the tangent at P meet the asymptote in L ; then 
PL = CD. Art. (117). 

Hence LD is parallel and eqnal to CP ; 
but the tangent at Z> is parallel to CP ; 

.*. LD is the tangent at D. 

Completing the figure, the tangents at p and d are 
parallel to those at P and Z>, and therefore the asymptotes 
are the diagonals of the parallelogram LWL\ 

Cor. Hence, joining PD^ it follows that PD is parallel 
to the asymptote IGL\ since LP = PL\ and LD = Dl, 

119. Pbop. XXII. If QV he an ordinate qf a dia- 
meter PCp, and DCd the conjugate diametery 

QF» : PV, Vp :: CD^ : CP*. 

Let Q V, and the tangent at P, meet the asymptote in 
R and Z. 

Then LP being equal to CD, 

BV^ : CD^ :: C7F» :: CP*\ 
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But RV*-QV^=CD*. 



Ill 




Hence C^* : CD" :: CF* - CP* : CP», 
or C^" : P^' Vp :: CZ>» : CPK 

120. Prop. XXIII. If QV he an ordinate qf a dia- 
tneter PCp, and if the tangent at Q meet the conjugate 
diameter, jbCd, in t, 

Ct.QV=CD\ 

For, Fig. Art (113), 

Ct : QV :: CT : VT, 

and /. Cfl. QF : QV* :: CV. CT : CV, VT. 

Bat CV.CT=CP', Art (112), 

and CV. VT= CV* - CV. CT= CV* -CP* ; 

/. Ct.QV : QV* :: CP* : CV^-CP*, 

:: CD* : QV*. Art (119). 

Hence Ct.QV = CD*. 

121. Peop. XXIV. If ACa, BCh be conjugate dia- 
msters, and PCp, DCd another pair qf conjugate dia- 
meters, and if PN, DM be ordinates qfACa, 

CM : PN :: AC : EC, 

and DM : CN :: BC : AC. 
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Let the tangents at P and D meet ACa in T'and t ; 




Then CN.CT=AC^=^CM.Ct, Arts. (112) and (120), 

.'. CM : CN :: CT : a, 
:: FT : CD, 
;: PiV : 2>ilf, 

:: CN : Jfif; 

.-. CJ}P= CM. Mt= CM'+CM. Ct 
= CM^+AC\ 



and 



CM^=CN^-AC'. 



But 



PiV^ : CN^-AC^ ;: 5(7» : AC^\ 
/. PiV : (7ilf :: BC : ^C7; 
and, sinularly, DM : CN :: BC : AC, 

Cob. We have shewn in the course of the proof, that 

CN^-CM*=AC\ 

Similarly, if Pn, Dm be ordinates of BC, 

Cm*-Cn^=BC^; 



that is, 



DM^-PN^=BC^', 



and it must be noticed that these relations are shewn for 
any pair of conjugate diameters ACa, BCh, including of 
course the axes. 
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122. Pbop. XXV. If CPf CD he conjugate semi- 
diameters, and AC, BC the semi-axes, 

CP^-CD^^AC^-BC^, 

For, drawing the ordinates PN, DM, and, remembering 
that in this case the angles at N and M are right angles, 
we have, from the figure of the preyious article, 

CP^^CN^^PN\ 

CD^^CM^^DM\ 

But CN^-CM^^AC^ and DM^-PN^=BC*', 

:. CP^-CD^^AC^-BCK 

123. Pkop. XXVI. If the normal at P m£et the axes 
inGandg, 

PG : CD :: BC : AC, 

and Pg : CD :: AC : BC. 

For the proofs of these relations, see Art (79). 
Obserre also that 

PG.Pg=CD'. 

124. Pkop. XXVII. The area of the paraUelogram 
formed by the tangents at the ends qf corrugate diameters 
is equal to the rectangle contained by the axes. 

Let CP, CD be the semi-diameters, and PN, DM the 
ordinates of the transverse axis. 




n. c. s. 
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Let the normal at P meet CD in F^ and the axk in 
G, Then PNG, CDM are similar triangles, and, exactly 
as in Art (80), it can be shewn that 

PFXD^ACBC, 

125. Prop. XXVIII. JJ SP, S'P he the focal dis- 
tance qfa point P, and CD he conjtigate to CP, 

JSP.S'P=CD». 

Attending to the figure of Art. (106), the proof is the 
same as that of Art (81). 

126. Pbop. XXIX. // the tangent at P meet a pair 

qf conjugate diameters in T and t, and CD he cof^ttgate 

toCP, 

PT.Pt=CDK 

This can be proved as in Art (82). 

• It can also be shewn that if the tangent at P meet 
two parallel tangents in T and ^, 

PT.Pif^CD'. 

127. Pbop. XXX. If the tangent at P meet the 
asymptotes in L and L', 

CL.CU=SC\ 

Let the tangent at A meet the asymptotes in K and 
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K'; then, Art 124, the triangles LOL'y KCK' are of 
equal area, and therefore 

CL : CK' :: CK : CL', BncKd, Book vi., 

or CL.Cr=CK* 

=AC*+BC*=SCK 

Cob. If PH, PH' be drawn parallel to, and ter- 
minated by the asymptotes, 

^.PH.PH' =CS^, 

for CL=:2PH\ and CL'=2PH. 

128. Prop. XXXI. Pairs qf tangents at right angles 
to each other intersect on a fixed circle. 

PT, QT being two tangents at right angles, let SY, 
perpendicular to PT, meet S'P in JT. 




Then, Art (lOS), the angle 

S'TY'=QTS, 
and obyiously, KTP=PTS; 

therefore S'TY' is complementary to JK^TP, and S'TK is 
a right angle. 

8—2 
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Henoe, 

=2.CT*+2.CS* by Eodid n. 12 and 13; 

aod the k)ciis oi Tis a cirde. 

UACheleai than BC^ tfais rdatkm is impossible. 

In this case, howerer, the angle between the aqrmp- 
totes is greater than a right an^e, and the angle PTQ 
between a pair of tangents being always greater than the 
ang^e between the asymptotes is greater than a nght angle. 
The i»oUem is therefore d priori impossiUe for the 
hyperbola, bat becomes possible for the conjugate hyper- 
bola. 

As in the case oi the dlipse, the locus of T is called 
the director circle. 

129. Prop. XXXIL I^ reetangUt coniain&d by the 
segments qf any ttoo chords which intersect each other 
are in the ratio qf the squares qf the parallel diameters. 

Through any point O in a chord QOQ^ draw the dia- 




meter ORR'-, and let CD be paraUel to Q^, CP coiyngate 
"^, and bisecting Q^ in V. 
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Draw BUaa ordinate of CP. 
Then CD^^BU* : CU* :: CD* : CP\ 

But RU^ : CU^ :: Or« : CV^; 

or CD^ : CD*+QV^-'OF^ :: Cf7» : CV% 

iiCB'iCO'; 

or (72>« : C^.OQ' :: CB^ : OB. OB!, 

Similarly, if qO(^ be any other chord, and Cd the 
parallel semi-diameter, 

Cd* \qO.O<f ;: CB?^ : OB.OBf; 

A QO.OQT : qO.O^ :: (72>» : (7<f»; 

that is, the ratio of the rectangles depends only on the 
directions of the chords. 

130. Prop. XXXIII. If a circle intersect an hyper- 
bola in four points^ the several pairs of the cJuyrds of 
intersection are equally inclined to the axes. 

For the proof, see Art (87). 



Examples. 

1. If a circle be drawn so as to touch two fixed circles ex- 
ternally, the locus of its centre is an hyperbola. 

2. If the tangent at B to the conjugate meet the latus 
rectum in D, the triangles SCD, SXJ) are similar. 

3. The strtbight line drawn from the focus to the directrix, 
parallel to an asymptote, is equal to the semi-latns-rectum, and 
is bisected by the curve. 
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4. Given the asymptoteB and a focus, find the directrix* 

5. Given the centre, one asymptote, and a directrix, find 
the focus. 

6. Parabolas are described passing through two fixed points, 
and having their axes parallel to a fixed line ; the locus of their 
f od is an hyperbola. 

7. The base of a triangle being given, and also the point of 
contact with the base of the inscribed circle, the locus of the 
vertex is an hyperbola. 

8. If the normal at P meet the conjugate axis in g^ and 
^iVbe the perpendicular on SP, then PN=AC. 

9. Draw a tangent to an hyperbola^ or its conjugate, parallel 
to a given line. 

10. If ^^' be the axis of an ellipse, and PNP' a double 
ordinate, the locus of the intersection of A'P and P^A is an hy- 
perbola. 

11. The tangent at P bisects any straight line perpendicular 
to AA\ and terminated by APy and A'P, 

12. If PCp be a diameter, and if Sp meet the tangent at P 

SP=ST. 

18. Given an asymptote, the focus, and a point; oonstract 
the hyperbola. 

14. A circle can be drawn through the foci and the inter- 
sections of any tangent with the tangents at the vertices. 

15. Given an asymptote, the directrix, and a point; con- 
struot the hyperbola. 

16. If through any point P of an hyperbola straight lines 
are drawn parallel to the asymptotes and meeting any semi- 
diameter CQ in P and M, 

CP.CIl=CQ^. 

17. PN IB an ordinate and NQ parallel ix> AB meets the 
conjugate axis in Q ; prove that QB . QB=PN\ 

18. NP is an ordinate and Q a point in the curve; AQ, 
A'Q meet NPiaDasidB; prove that ND . NE=NPK 
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19. If a tangent cut the major axis in the point jT, and per- 
pendiculars SY.HZhQ let fall on it from the foci, then AT, A'T 
= TT,ZT. 

20. In the tangent at P a point Q is taken such that PQ, is 
proportional to CD\ shew that the locus of Q is an hyperbola. 

21. Tangents are drawn to an hyperbola, and the portion of 
each tangent intercepted by the asymptotes is divided in a con- 
stant ratio; prove that the locus of the point of section is an 
hyperbola. 

22. If the tangent and normal at P meet the conjugate 
axis in t and K respectively, prove that a circle can be drawn 
through the foci and the three points P, t, K, 

Shew also that 

OK : 8K :: SA : AX, 

and St : tK :: BC : C/>, 

CD being conjugate to CP. 

23. Shew that the points of trisection of a series of conter- 
minous circular arcs lie on branches of two hyperbolas ; and 
determine the distance between their centres. 

24. If the tangent at any point P of an hyperbola cut an 
asymptote in T, and if 8P cut the same asymptote in Q, then 
SQ= QT. 

25. A series of hyperbolas baying the same asymptotes is 
cut by a straight line parallel to one of the asymptotes, and 
through the points of intersection lines are drawn parallel to the 
other, and equal to either semi-axis of the corresponding hyper- 
bola, prove that the locus of their extremities is a parabola. 

26. Prove that the rectangle PY. PF' in an ellipse is equal 
to the conjugate axis of the confocal hyperbola passing through P. 

27* If the tangent at P meet one asymptote in T, and a 
line TQ be drawn parallel to the other asymptote to meet the 
curve in Q ; prove that if PQ be joined and produced both ways 
to meet the asymptotes in M and Bf, RR' will be trisected at the 
points P and Q. 

28. The tangent at a point P of an ellipse meets the hyper- 
bola having the same axes as the ellipse in C and i>. If Q be 
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the middle point of CD, proye that OQ and OP are eqnally 
inclined to the axes, being the centre of the ellipse. 

29. Given one asymptote, the direction of the other, and 
the position of one focus, determine the position of the vertices. 

30. Two points of an hyperbola are taken on the same 
branch of the curve, and on the same side of the axis ; prove 
that a circle can be drawn touching the four focal distances. 

31. In an hyperbola, supposing the two asymptotes and one 
point of the curve to be given in position, shew how to construct 
the curve ; and find the position of the fod. 

32. Given a pair of conjugate diameters, construct the axes. 

33. If PIT, PK be drawn parallel to the asymptotes from a 
point P on the curve, and if a line through the centre meet them 
in R, T, and the parallelogram PEQt be completed, Q is a point 
on the curve. 

34. The rectangles contained by the segments of focal 
chords are in the ratio of the chords. 

35. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, prove 
that the locus of the other focus is an arc of a fixed hyperbola. 

36. An ellipse and hyperbola are described, so that the foci 
of each are at the extremities of the transverse axis of the other ; 
prove that the tangents at their points of intersection meet the 
conjugate axis in points equidistant from the centre. 

37* A circle is described about the focus as centre, with a 
radius equal to one-fourth of the latus rectum : prove that the 
focal distances of the points at which it intersects the hyperbola 
are parallel to the asymptotes. 

38. The tangent at any point on an hyperbola is prodaced 
to meet the asymptotes, thus forming a triangle : determine the 
locus of the point of intersection of the straight lines drawn from 
the angles of this triangle to bisect the opposite sides. 

39. If ST, S'T' be the perpendiculars on the tangent at P, 
a circle can be drawn through the points, T, T\ N, C, 

40. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent meet on the 
normal and bisect it. 
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41. If the tangent and normal at P meet the aaus in T and 
G, NO,CT=BCK 

42. If the tangent at P meet the axis in T and t, the angles 
PSly 8TP are supplementary. 

43. If the tangent at P meet any conjugate diameters in T 
and tf the triangles SPT, S^Pt are similar. 

44. If the diameter conjugate to CP meet 8P and 8^P in E 
and E^, pro^e that the circles about the triangles SCE, 8'CE' are 
equal. 

45. The locus of the centre of the circle inscribed in the tri- 
angle SPS is a straight line. 

46. If PN be an ordinate, and NQ, parallel to AP meet CP 
in Q, AQ,Sb parallel to the tangent at P. 

47. If an asymptote meet the directrix in D, and the tan- 
gent at the vertex in ^, ^Z> is parallel to 8E, 

48. The radius of the circle touching the curve and its 
asymptotes is equal to the portion of the latus rectum produced, 
between its extremity and the asymptote. 

49. If Q be the foot of the normal, and if the tangent meet 
the asymptotes in L and if, QL=.QM, 

50. With two conjugate diameters of an ellipse as asymp- 
totes, a pfiir of conjugate hyperbolas is constructed : prove that 
if one hyperbola touch the ellipse, the other will do so likewise ; 
prove also that the diameters drawn through the points of con- 
tact are conjugate to each other, 

51. If two tangents be drawn to an hyperbola the lines 
joining their interaections with the asymptotes will be parallel. 

52. The bcus of the centre of the circle touching 8P, HP 
produced, and the major axis, is an hyperbola. 

53. If from a point P in an hyperbola, PK be drawn parallel 
to an asymptote to meet the directrix in K, then PK==8P, 

54. If PD be drawn parallel to an asymptote, to meet the 
conjugate hyperbola in D, CP and CD are conjugate diameters. 

55. If QR he a chord parallel to the tangent at P, and if 
QLf PN, MM be drawn parallel to one asymptote to meet the 

other. 

CL,CM=CN^. 
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56. If a circle toach the tmuyene axis at a foens, and pass 
thruagh one end of the cod jugate, the chord intercepted by the 
conjugate is a third proportional to the conjugate and transyetse 
Bemi-axes. 

57. A line through one of the vertices, terminated by two 
lines drawn through the other vertex parallel to the asymptotes 
is bisected at the other point where it cuts the curve. 

58. If PSQ be a focal chord, and if the tangents at P knd Q 
meet in T, the di£ferenoe between PTQ and half PS^Q is a right 
angle. 

59. If a straight line passing through a fixed point meet 
two fixed lines OA, OB in A and B, and if P be taken in AB 
sudh that CP*—CA . CB, the locus of P is an hyperbola, having 
its asymptotes parallel to OA, OB, 

60. If from the points P and Q in an hyperbola there be 
drawn PL, QM, parallel to each other to meet one asymptote, 
and PB, QN also parallel to each other to meet the other asjm]^' 
tote, PL. PB=QM,QN, 

61. Any diameter is a mean proportional between the 
parallel focal chord and the transverse axis. 

62. An ordinate VQ of any diameter OP is produced to 
meet the asymptote in B, and the conjugate hyperbola in Q'; 
prove that QF» + Q'F«= 2i2F«. 

Prove also that the tangents at Q and Q' meet the diameter 
CP in points equidistant from C. 

63. A chord QPL meets an asymptote in 'L, and a tangent 
from L is drawn touching at i2; if PM, BE, Qli, be drawn 
parallel to the asymptote to meet the other, 

PM+QN=2.BE. 

64; Tangents are drawn from any point in a circle through 
the foci ; prove that the lines bisecting the angle between the 
tangents, or between one tangent and the other produced, all 
pass through a fixed point. 

65. If a circle through the foci meet two confocal hyper- 
bolas in P and Q, the angle between the tangents at P and Q is 
equal to PS(l. 
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%Q, If 8Tf S'T^he perpendicalars on the tangent at P, and 
ifPN be the ordinate, the angles PNY, PNY' are supplementary. 

67. Find the position of P when the area of the triangle 
TCY' is the greatest possible, and shew that, in that case, 

PN.SC^BC^. 

68. If the tangent at P meet the conjugate axis in t, the areas 
of the triangles SPS^, StS' are in the ratio of CZ)« ; S^. 

69. li'SYf SZ be perpendiculars on two tangents which meet 
in jT, TZ is perpendicular to ^T, 

70. A circle passing through a focus, and having its centre 
on the transyerse axis touches the curve ; shew that the focal 
distance of the point of contact is equal to the Latus Rectum. 

71. If CQ, be conjugate to the normal at P, then is CP con- 
jugate to the normal at Q. 

72. From a point in the auxiliary circle lines are drawn 
touching the curve in P and P'; prove that SP, S^P* are parallel. 

73. If the tangent and normal at P meet the axis in T and 0, 

CT. CO=SC^. 

74. Find the locus of the points of contact of tangents to a 
series of confocal hyperbolas from a fixed point in the axis. 

75. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate, shew that the chord of con- 
tact will touch the other branch of the conjugate. 

76. An ordinate NP meets the conjugate hyperbola in Q ; 
prove that the normals at P and Q meet on the transverse axis. 

77. A parabola and an hyperbola have a common focus S 
and their axes in the same direction. If a line SPQ cut the curves 
in P and Q, the angle between the tangents at P and Q is equal 
to half the angle between the axis and the other focal distance of 
the hyperbola. 

78. If a hyperbola be described touching the four sides of a 
quadrilateral which is inscribed in a circle, and one focus lie on 
the circle, the other focus will also lie on the circle. 
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79. A conic lection u drawn touching the asymptotes of an 
hyperbola. Prove that two of the chords of intersection of the 
carves are parallel to the chord of contact of the conic with the 
asymptotes. 

80. A parabola P and an hyperbola ^Thave a common focus, 
and the asymptotes of ff are tangents to P ; prove that the tangent 
at the vertex of P is a directrix of Jf, and that the tangent to 
P at the point of intersection passes through the further vertex 
ofiJ. 

81. From any point T, in the tangent at P, TQ is drawn 
perpendicular to SP, and TR perpendicular to the transverse axis 
meets the curve in M ; prove that SQ= QR. 

82. If an ellipse and a confocal hyperbola intersect in P, an 
asymptote passes through the point on the auxiliary circle of the 
ellipse corresponding to P. 

83. P is a point on an hyperbola whose foci are S and H; 
another hyperbola is described whose foci are S and P, and whose 
transverse axis is equal to SP - 2Pff : shew that the hyperbolas 
will meet only at one point, and that they will have the same 
tangent at that point. 

84. A point D is taken on the axis of an hyperbola, of which 
the excentricity is 2, such that its distance from the focus S is 
equal to the distance of S from the further vertex A'; P being 
any point on the curve, A^P meets the latus rectum in K, Prove 
that DK and SP intersect on a certain fixed circle. 

85. Shew that the locus of the point of intersection of tan- 
gents to a parabola making with each other a constant angle 
equal to half a right angle, is an hyperbola. 

86. The tangent and normal at any point intersect the 
asymptotes and axes respectively in four points which lie on a 
circle passing through the centre of the curve. 

The radius of this circle varies inversely as the perpendi- 
cular from the centre on the tangent. 

87. The difference between the sum of the squares of the 
distances of any point from the ends of any diameter and the 
sum of the squares of its distances from the ends of the conjugate 
is constant. 
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88. If a tangent meet the asymptotes in L and M^ the angle 
subtended by LM at the farther focus is half the angle between 
the asymptotes. 

89. If PN be the ordinate of P, and PT the tangent, 
prove that 

SP : ST :: AN : AT. 

90. POP' is a given diameter of an ellipse, QFQ' a double 
ordinate to PP'i the loous of the intersection of PQ', P'Q is an 
hyperbola. 

91. Two sides of a quadrilateral are given in magnitude and 
position ; if the quadrilateral be such that a circle can be in- 
scribed in it, the locus of the point of intersection of the other 
two sides is an hyperbola. 

92. A tangent to an hyperbola at P meets the conjugate 
axis in t^ and tQ is perpendicular to 8P ; prove that 8Q is of 
constant length. 

93. An hyperbola, having a given transverse axis, has one 
fbcuB fixed, and always touches a given straight line ; the locus 
of the other focus is a circle. 

94. A chord PRVQ meets the directrices in R and V; shew 
that PR and VQ subtend, each at the focus nearer to it, angles 
of which the sum is equal to the angle between the tangents at 
P and Q. 

95. The points, in which the tangents at the extremities of 
the transverse axis of an ellipse are cut by the tangent at any 
point of the curve, are joined, one with each focus ; prove that 
the point of intersection of the joining lines lies in the normal at 
the point. 

96. A parabola is described touching the conjugate axes of 
a hyperbola at their extremities; prove that one asymptote is 
parallel to the axis of the parabola, and that the other asymptote 
is parallel to the chords of the parabola bisected by the first. 

If a straight line parallel to the second asymptote meet the 
hyperbola and its conjugate in P, P\ and the parabola in Q, Q!, 
it may be shewn that PQ^P'Q^. 
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97. If two points E and R be taken in the nonnal PQ such 
that P£=P£'=^CD, the loci of j^and E' are hyperbolas having 
their axes equal to the sum and difference of the axes of the. 
given hyperbola. 

98. The angular point il of a triangle ABC is fixed, and 
the angle A is given, while the points £ and C move on a fixed 
straight line ; prove that the locus of the centre of the circle 
circumscribing the triangle is a hyperbola, and that the envelope 
of the curcle is another circle. 

99. If a conic be described having for its axes the tangent 
and nonnal at any point of a given ellipse, and touching at its 
centre the axis-major of the given ellipse, and if another conic 
be described in the same manner bat touching the minor axis at 
the centre, prove that the foci of these conies lie in two drdes 
concentric with the given ellipse, and having their diameters 
equal to the sum and difiEerence of its axes. 

100. An ellipse and an hyperbola are oonf ooal ; if a tangent 
to one intersect at right angles a tangent to the other, the locus 
of the point of intersection is a circle. 

Shew also that the difference of the squares on the distances 
from the centre of parallel tangents is constant. 



CHAPTEE V. 

THE RECTANGULAR HYPERBOLA. 

If the axes of an hyperbola be eqttal, ths angle between 
the asymptotes is a right angle, and the curve is called 
equilateral or rectangular. . 

13L Pbop. I. In a rectangular hyperbola 

CS^=2AC*, and SA*=2AX*. 

For CS^=AC^+BC^=2AC\ 

and SA : AX :: SC : AC; 

.-. SA*=2AX\ 

Obseire that in the figure of Art (98), SDC is an 
isosceles triangle, since 

SD=BC, and CD=AC, 
and therefore SD = DC, 

132. Pbop. IL The asymptotes of a rectangular hy- 
perbola bisect the angles bettoeen any pair qf conjugate 
diameters. * 

For, in a rectangular or equilateral hyperbola, 

CA = CB, 
and therefore, since CP^-'CD^^^CA^" CB^, , 

CP=CD, 
CPy CD being any coigugate semi-diameters. 
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Also, fignre Art (118), the panUelognun CPLD is a 
rhombus, and therefore CL bisects the angle PCD, 

Cor. Supplemental chords are equally inclined to the 
asymptotes, for they are parallel to conjugate diameters 

133. Psop. III. Diameteri at right anglet to each 
other are eqtiol. 

Let CP, CP* be semi-diameters at right angles to each 
other, and CD conjugate to CP, 

Then, if CX, CL' be the asymptotes, the angle 

P'CL'^PCL 
^DCL\ 

.-. CP'^CD=CP. 

134. Pbop. IY. If the normal at P meet the (jucet in 
G and a, 

CN=^NG and PG^Pg^CD, 

CD being corrugate to CP, 
For, Art. (Ill), 

NG : CN :: BC^ : AC'\ 
.'. NG=CN. 
Also PF. PG = BC^ and PF.Pg^AC*; 

.\ PG-Pg. 
Further, Art. (123), 

PG : CD :: BC : AC; 
/. PG^CD. 

136. Pbop. V. ffQV he an ordinate of a diameter 

PCp, 

QV^^PV. Vp. 

Fop «F« : PV. Vp :: CD^ : CP', 

and CD^CP; 

.-. QV*=PF. rp=CF*-CP^. 
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136. Prop. VL If PQ be a chord, and CF the 
diameter conjugate to PQ, t/ie angle between PQ and the 
tangent at P is equal to the angle VCP, 

Let PQ and the tangent at P meet the ajsymptote in 
/ and Z. Then the angle 

LPQ=PLC-riC 

=LCP- rci 

= VCP, 




Hence, if P be the other end of the diameter PC, 

the angle 

QpP=FCP=LPQ. 

Or thiu, let QU parallel to the tangent at P, meet CP pro- 
duced in U. 

Then QIP=PU. Up, 

or, QU : PU :: Up : UQ, 

Therefore the triangles PQU, QUp are similar, and the angle 
QpU=P(iU=LPQ. 

137. Prop. VIL Any chord subtends, at the ends 
ctf any diameter, angles which are equal or supple- 
mentary. 

This theorem diyides itself into foor cases, which are 
shewn in the appended figures. 

Let QR be the chord, and Pp the diameter. Then, if 
Z,P be the tangent at P, fig. (1), the angle 

LPQ=QpP, 
B.a& 9 
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LPB=RpP\ 
.-. QPB=QpB. 




In fig. (2), if jp/ be the tangent at p, parallel to PX, 
QpB = Qpl + IpB = Qpl +pPB, 




and QPB=QPL+LPB=QpP+LPB ; 

.-. QpB-k-QPB=^LpP+LPpy 

that is, QpB and QPB are together equal to two right 
angles. 

In fig. (3) 

QPB = QPL + LPp ^pPB 
^QpP+Ppl+lpB 
=^QpB. 
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In fig. (4) 



and 



BPL'=EpP; 




therefore Q,pB. and QPR are together equal to two right 
angles. 

Hence it will be seen that when QR^ or QR produced, 
meet the diameter Pp between P and p, the angles sub- 
tended at P and p are equal ; in other cases they are 
supplementary. 

138. Pbop. VIII. If a rectangular hyperbola cir- 
cumscribe a triangle^ it parses through the orthocentre. 

Note. The orthocentre is the point of intersection of 
the perpendiculars from the angvlar points on ths oppo- 
site sides. 

9—2 
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If be the orthocentre, the triangles LOP, LQR are 
similar, and 

LO : LP :: LQ : LR; 

.-. LO.LB=LP.LQ, 




Bat, if a rectangular hyperbola pass through P, Q, B, 
the diameters parallel to LB, PQ are equal : hence is a 
point on the curve. 

139. Peop. IX. ffa rectangtUar hyperbola circum- 
scribe a triangle, the locus of its centre is the nine-point 
circle qfthe triangle. 

If PQB be the triangle, let Z, L^ be the points in 
which an asymptote meets the sides PQ, PB, 




Join C, the centre of the hyperbola, with £ and JP^ the 
middle points of PB and PQ. 
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Then CFib coDJugate to PQ, and CE to PE ; there- 
fore the angle 

FCE^FGL^UGE 

= CLF-^EL'C 

^PLL'^PLL 

=FPE 

= FDE, 

if 2> be the middle point of QR. 

The circle passing through Z>, E, F therefore passes 
through C\ that is, C lies on the nine-poiut circle. 

A similar proof is applicable to the case in which the 
points P, Q, R lie on the same branch of the hyper- 
bola. 

140. The proof of Prop, (xxxiii), Art. (130), appeiurs to fail 
ia this case, since it does not follow, when two diameters are 
equal that they are equally inclined to the axes. 

It is however obvious that, if a circle intersect an hyperbola, 
either the four points of intersection are all on one branch of the 
curve, or there are two on each branch ; on the other hand, 
of two conjugate diameters, or of two diameters at right angles, 
one meets the curve and the other does not. Hence if chords be 
drawn parallel to these diameters one chord wiU meet opposite 
branches, and the other will meet one branch only; the cases 
are therefore distinct, and the proof holds good. 
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1. A circle is described on the transverse axis as diameter. 
Prove that if any tangent be drawn to the hyperbola, the straight 
lines joining the centre of the hyperbola with the point of con- 
tact and with the middle point of the chord of intersection of the 
tangent with the circle, are inclined to the asymptotes at com- 
plementary angles. 

2. PCP is a transverse diameter, and Q F an ordinate ; shew 
that QF is th9 tangent at Q to the circle drcumscribiog the tri- 
angle PQp. 
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3. If the tangent at P meet the asymptotes in L and M^ 
and the normal meet the tranByerse axis in 0^ a circle can be 
drawn through C7, L, M, and Qj and LGM is a right angle. 

4. Find the locus of the middle point of a line cutting off a 
constant area from the comer of a square. 

5. If il^' be any diameter of a circle, PP' any ordinate to 
it, then the locus of the intersections of AP^ A'P' is a rectan- 
gular hyperbola. 

6. If from the extremities of any diameter lines be drawn 
to any point in the curve, they will be equally inclined to the 
asymptotes. 

7. Given an asymptote and a tangent at a given point, 
construct a rectangular hyperbola. 

8. If CP, CD, and CP', CLf be two pairs of conjugate semi- 
diameters, prove that the angles PCP', DCjy are equal 

9. Focal chords parallel to conjugate diameters are equaL 

10. If CP, CD be conjugate semi-diameters, and PN^ DM 
ordinates of any diameter, the triangles PCN, DCM are equal in 
all respects. 

11. The distance of any point from the centre is a geome- 
tric mean between its distances from the fod. 

12. If P be a point on an equilateral hyperbola, and if the 
tangent at Q meet CP in T, the circle circumscribing CTQ 
touches the ordinate QFcoigugate to CP. 

18. If a circle be described on SS' as diameter, the tangents 
at the vertices will intersect the asymptotes in the circumference. 

14. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will 
intersect at right angles. 

15. If the tangents at two points Q and Q,' meet in T, and if 
CQa CQ! meet these tangents in R and R, the circle circuniscrib- 
ing RTBf passes through C. 

16. • If from a point Q in the conjugate axis Q4- be cbcwwn 
to the vertex, and QR parallel to the transverse axis to meet the 
curve, Qfi=A^ 
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17. straight lines, passing throagh a given point, are 
bomided by two fixed lines at right angles to each other; find 
the locns of their middle points. 

18. Given a point Q and a stnught line il^, if a line QjOP 
be drawn cuttiDg AB in (7, and P be taken in it, so that PD 
being a perpendicular upon AB, CD may be of constant magni- 
tade^ the locus of P is a rectangular hyperbola. 

19. Every conic passing through the centres of the four 
circles which touch the sides of a triangle, is a rectangular hyper- 
bola. 

20. Ellipses are inscribed in a given parallelogram^ shew 
that their fod lie on a rectangular hyperbola. 

21. If two focal chords be parallel to conjugate diameters, 
the lines joining their extremities intexsect on the asymptotes. 

22. If P, Q be two points of a rectangular hyperbola, centre 
Oy and Q^ the perpendicular let fall on the tangent at P, the 
circle through 0, N, and P will pass through the middle point of 
the chord P, Q. 

Having given the centre, a tangent, and a point of a rectan- 
gular hyperbola, construct the asymptotes. 

23. If a right-angled triangle be inscribed in the curve, the 
normal at the right angle is parallel to the hypothenuse. 

24. On opposite sides of any chord of a rectangular hyper- 
bola are described equal segments of circles ; shew that the four 
points, in which the circles, to which these segments belong, 
agun meet the hyperbola^ are the angular points of a parallelo- 
gram* 

25. Two lines of given lengths coincide with and move 
along two fixed lines, in such a manner that a circle can always 
be drawn through their extremities ; the locus of the centre is a 
rectangular hyperbola. 

26. If a rectangular hyperbola^ having its asymptotes coin- 
cident with the axes of an ellipse, touch the ellipse, the axis of 
the hyperbola is a mean proportional between the axes of the 
ellipse. 

27. The tangent at a point P of a rectangular hyperbola 
meets a diameter QC^ in T. Shew that CQ and TQ subtend 
equal angles at P. 
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Draw through P the drcular section QP, cattmg APA' 
in PN^ so that PN is at right angles to AA' and there- 
fore parallel to XK. 

Let the generating line through P meet the circle EF 
in R ; and join SP. 

Then PS and PR are tangents to the sphere; 

.-. SP=PR=EQ. 

But EQ : NX :: ^^ : AX 

:: /S4 : AX, 

and NX=PX, 

.'. SP : PiT :: /SL4 : AX. 

Also, ^J^ being less than AXy SA is less than AX, 
and the conre APA' is therefore an eUipse, of which 8 is 
the focus and XK the directrix. 

If another sphere be inscribed in the cylinder touching 
AA in iS^, S' is the other focus, and the corresponding 
directrix is the intersection of the plane of contact E^ F 
-5 th APA'. 
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=AE+AE'. 
=AS*-AS' 
=AA'. 
Since AS'^AE'^A'F^A'S. 

The transvOTBe axis of the Boction ie AA' and the con- 
jngate, or minor axia is OTidentl; a diameter of a circular 
section. 

143. Def. If be a fixed point in a atraight line 
OE drawn through the centre E at a fixed circle at rig^t 
angles to the plane of the circle, and if a strai^t line 
QOP move so aa always to pass through the circumference 
of the circle, the surface generated bf the line QOPie called 
a Right Circular Cone. 

The line OE is called the axtt of the cone, the point 




is the vertex, and the constant angle POB is the Bemi- 
vertical angte of the cone. 
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It is evident that any section by a plane, perpendicular 
to the axis, or parallel to the base of the cone, is a circle ; 
and that any section by a plane through the vertex consists 
of two straight lines, the angle between which is greatest 
and equal to the vertical angle when the plane contains 
the axis. 

Any plane containing the axis is called a Principal 
Section. 

144. Pbop. II. The section qf a cone by a plane, 
which is not perpendicular to the axis, and does not pass 
through the vertex, is either an Ellipse^ a Parabola, or 
an Hyperbola. 




Let UAP be the cutting plane, and let the plane of the 
paper be that principal section which is perpendicular to 
the plane UAPy OV, OAQ being the generating lines 
in the plane of the paper. 

Let AU he the intersection of the principal section 
VOQ by the plane PA U perpendicular to it, and cutting 
the cone in the curve AP. 

Inscribe a sphere in the cone, touohing the cone in tlie 
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circle EF and the plane AP in the point S, and let XK 
he the intersection of the planes AP, EF. Then XK is 
perpendicular to the plane of the paper. 

Taking any point P in the curve, join OP cutting the 
circle EF in JB, and join SP, 

Draw through P the circular section QPV cutting the 
plane AP in PN which is therefore perpendicular to AN 
and parallel to XK, 

Then, SP and PR being tangents to the sphere, 

SP=PE=EQ; 

and EQ : NX :: AE : AX 

:: ^/^ : ^X 

Also NX=PK; 

:. SP : PK :: SA : ^X 

The curve AP is therefore an Ellipse, Parabola, or Hy- 
perbola, according as SA is less than, equal to, or greater 
than AX, In any case the point S isa, focus and the cor- 
responding directrix is the intersection of the curve with 
the plane oi contact of the sphere. 

(1) If ^ ^ be parallel to O T, the angle AXE^ OFE 
= OEF=AEX, and therefore 

SA=AE^AX, 

and the section is therefore a parabola when the cutting 
plane is parallel to a generating line, and perpendicular to 
the principal section which contains the generating line. 

(2) Let the line A U meet the curve again in the poiiit 
A' on the same side of the vertex as the point A, 

Then the angle 

AEX=:OFE 

^FXAj 
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and therefore AE < AX, 

that k SA< AX, 

and the cmre is an ellipse. 

In this case another sphere can be inseribed in the 
oone, touching the cone along the circle JS'I* and touching 
the |dane AP in /S^. 

It may be shewn as before that ^ is a focus and that 
the corresponding directrix is the interoection of the planes 
ET, APA\ 

(3) Let the line UA produced meet the oone on the 
other side of the vertex. The section then consists of two 
separate branches. 

Also the angle AEX= AFX 

< AXF, 
and therefore AE^AX, 

thatis AS>AX, 
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and the carve ul P is one braneh of an hyperbola, the other 
branch being the section A'P'» 




Taking P* in the other branch the proof is the same as 

before that 

SP' I P'S? :: 8A : AX. 

In this case a sphere can be inscribed in the other 
branch of the cone, tonching the cone along the circle E^JF^, 
and the plane TJA'P' in 8\ and it can be shewn that S^ is 
the other focus of the hyperbola, and that the directrix is 
the intersection of the catting plane with the plane of con- 
tact BF'. 

Hence the section of a cone by a plane cattmg \xiAU 
the principal section VOQ perpendicalar to it is an Ellipse, 
Parabola, or Hyperbola, according as the angle EAX is 
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greater than, equal to, or less than, the vertieal an^e of 
the cone. 

Further it is obyions that, if any plane be drawn parallel 
to the plane AP, the ratio of AE to AX is always the 
same ; hence it foUows that all parallel sections have the 
same eccentricity. 

145. This method of determining the focus and direc- 
trix was published by Mr Pierce Morton, of Trinity College, 
in the first Volume of the Cambridge Philosophidd Traru- 
actiong. 

The method was very nearly obtamed by Hamilton, who 
gave the foUowing construction. 

First finding the vertex and focus, A and S, take AE 
along the generating line equal to AS, and draw the cir- 
cular section through E ; the directrix will be the line of 
intersection of the plane of the circle with the given plane 
of section. 

Hamilton also demonstrated the equality of SP and PR. 

146. Pbop. III. To prove thcU, in the ecue qf an 
elliptic section, 

SP+S'P=AA\ 

Taking the 2nd figure, 

SP=PB and S'P=PRf; 

.'. SP+S'P=RR'=EE' 
^AE^AE 
=AS^A8'. 

But A'S'=A'F'^FF'''AF 

^EE'-A'S, 
also A'S'+SS'=A'S; 

.\ ^A'S'-^SS'^EE'. 
Similarly 2AS+ SS' =EE'; 

.-. A'JSr=AS, 
and AS'==A'S. 



The Cylinder and the Cone. 145 

Hence SP+S'P=AA', 

and the transverse, or major 2kW=EE\ 

In a similar manner it can be shewn that in an hyper- 
bolic section 

S'P''SP=AA\ 

147. Pkop. IV. To shew tJiat, in a parabolic section^ 

PN*=4AS.AN. 

Let A be the vertex of the section, and let ADE be 
the diameter of the circular section through A* 




From 2> let fall DS perpendicular to ^ T. 
Then PN*=QN.NQ' 

= QN.AE 
= 4NL.AD 
if AL be perpendicular to NQ, 

But the triangles ANL, ADS being similar, 
NL : AN :: AS: AD; 
.\ NL.AD=:AN.AS, 
and PN*=^4AS.AN. 

B.a& 
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148. Prop. Y. To shew that, in an elliptic secHon, 
PN^ i$ to AN . NA' in a constant ratio. 

Draw through P the drcnlar section QPQ^. 




Then, by a property of the circle, 

PIP=QN.NQ^. 

Bisect AA' in C, and draw throngh C the circular sec- 
tion EBE'. 

Then QN : AN :: CE : AC, 

and NQ' : NA' :: CE : AC; 

/. QN.NQ' : AN.NA' :; EC.CE' : AC^, 
or PJV» : ^iV^.iO' :: EC.CE' : AC^. 

The transverse axis being AA\ the square of the semi- 
minor axis =BC^=EC. CE\ 

But, if ADF be perpendicular to the axis, AD^DF, 
and, ^1(7 being equal to CLi', 

CD is paraUel to -4'i^, 

and therefore CJ^ = J*/) =AD, 
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Similarly, CE=A^iy, the perpendicular from A' on the 

.-. BC^^AD.A'U, 

that is, the semi-minor axis is a mean proportional be- 
tween the perpendictUars from the vertices on the aaris of 
the cone. 

In exactly the same manner it can be shewn for an 
hyperbolic section, that 




PN^ : AN.NA' :: CE.CE' : AC^, 

and that CE^AD, 

and CE'=A'iy. 

Hence BC^=AD .Aiy, A A' being the transverse 
axis. 

We observe also that the coigngate axis is equal to the 
tangent from C to the circular section passing through (7. 

10—2 
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149. P&OP. VI. Ilie two straight lines in wfdeh a 
cone is intersected by a plane throtigh the vertex paraUd 
to an hyperbolic section are parallel to the asymptotes qf 
the section. 

Taking the preceding figure, let the paraUel plane cut 
the cone in the lines OG, 0O\ and the circular section 
through C in the line GZG\ which will be perpendicular 
to the plane of the paper, and therefore perpendicular to 
EE' and to OL. 

Hence Gr=EL.E'L. 

But EL : EC :: OL : A'C, 

and E'L : EV :: OL : AC; 

.'. GI^ : EC.E^C :: OU : AC^, 
or GL : OL :: BC : AC; 

therefore, Art. (98), OG and OG' are parallel to the 
asymptotes of the hyperbola. 

Hence for all parallel hyperbolic sections, the asymp- 
totes are parallel to each other. 

If the hyperbola be rectangular, the angle GOG' is a 
right angle ; but this is evidently not possible if the verti- 
cal angle of the cone be less than a right angle. 

When the vertical angle of the cone is not less than a 
right angle, and when GOG^ is a right angle, LOG is half 
a right angle, and therefore 

OL=LG, 

and 2.0L^=0G^=0E*, 

and the length OL is easily constructed. 

Hence, placing OL, and drawing the plane GOG' per- 
pendicular to the principal section through OL, any section 
by a plane parallel to GOG^ is a rectangular hyperbola. 

160. Prop. VII. //* two straight lines be dratcn 
throtigh any point, parallel to two fixed lines, and inter- 
secting a given cone, the ratio qfthe rectangles formed by 
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the segments qf the lines wiU he independent of the posi- 
tion qf the point, 

Thos, if through J^, the lines EPQ, EP'O! be drawn, 
parallel to two given lines, and catting the cone in the 




points P, C and P\ Q', the ratio of EP. EQ to EP" . EQ' 
is constant 

Through draw OJT parallel to the given line to which 
EPQ is parallel, and let the plane through OK, EPQ, 
which contains the generating lines OP, OQ, meet the 
circular section through ^ in i2 and S, and the plane base 
in the straight line DFKy cutting the circular base in D 
and^. 

Then DFK and ERS being sections of parallel planes 
by a plane are parallel to each other. 

Also, EP(i is parallel to 0K\ 

Therefore ERP^ DDK are similar triangles, as are 
also ESQ, OFK; 



and 



/. EP : ER :: OK : DK, 
EQ : ES :: OK ; FK\ 
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.-. EP.£Q : EB.E8 :: OK^ : DK.FK 

:: OE:^ : KT^, 

if iTTbe the tangent to the circular base from JT. 

If a similar construction be made for EP'Q we shall 
have 

Er.EQ^ : EBf.ES' :: OK'^ : K"n. 

But EB.ES=ER\ES'; 

ther^ore the rectangles EP . ^Q and EP' . ^Q" are each 
in a constant ratio to the same rectangle, and are therefore 
in a constant ratio to each other. 

Since the plane through EPQ, EP'Q^ cuts the cone in 
an ellipse, parabola, or hyperbola, this theorem includes 
as particular cases those of Arts. (49), (76), (86), (119) and 
(129). 

The proof is the same if the point P be within the cone, 
or if one or both of the lines meet opposite branches of the 
cona 

If the chords be drawn through the centre of the sec- 
tion PEP'y the rectangles become the squares of the semi- 
diameters. 

Hence the parallel diameters of all parallel sections of a 
cone are proportional to each other. 

If the lines move until they become tangents the rect- 
angles then become the squares of the tangents ; therefore 
if a series of points be so taken that the tangents from 
them are parallel to given lines, these tangents are always 
in the same proportion. The locus of the point E wiU be 
the line of intersection of two fixed planes touching the 
cone, that is, a fixed Une through the vertex. 

EXAMPLES. 

1. Shew how to cut from a cylinder an ellipse whose eooen- 
tricity shall be the same as the ratio of the side of a square to its 
diagonal. 

2. Shew how to cut from a cone an ellipse whose eooentiidty 
is the ratio of one to two. 
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8. Find the least angle of a cone from which it is possible to 
cut an hyperbola, whose eccentricity shall be the ratio of two 
to one. 

4. Shew that all sections of a right cone, made by planes 
parallel to a tangent plane of the cone, are parabolas, and that 
the foci lie on a cone having with the first a common vertex and 
axis. 

5. The centre of a spherical ball is moveable in a vertical 
plane which is equidistant from two candles of the same height 
on a table ; find its locus when the two shadows on the ceiling are 
always in contact. 

6. Prove that all sections of a cone by parallel planes are 
conies having the same eccentricity. 

7. Find the locus of the foci of the sections made by a series 
of parallel planes. 

8. Give a geometrical construction, by which a cone may be 
cut, so that the section may be an ellipse of given eccentricity. ' 

9. If two plane sections of a right cone be taken, having the 
same directrix, the foci corresponding to that directrix lie on a 
straight line which passes through the vertex. 

10. Different elliptic sections of a right cone are taken, 
having equal major axes ; shew that the locus of the centres of 
the sections is a spheroid, and determine in what cases it is oblate 
or prolate respectively. 

11. The vertex of a cone and the centre of a sphere inscribed 
within it are given in position : a plane section of the cone, at 
right angles to any generating line of the cone, touches the sphere : 
prove that the locus of the point of contact is a surface generated 
by the revolution of a circle, which touches the axis of the cone 
at the centre of the sphere. 

12. Given a right cone and a point within it, there are but 
two sections which have this point for focus; and the planes of 
these sections make equal angles with the straight line joining 
the given point and the vertex of the cone. 

13. |f the curve formed by the intersection* of any plane 
with a cone be projected upon a plane perpendicular to the axis ; 
prove that the curve of projection will be a conic section having 
its focus at the point in which the axis meets the plane of 
projection. 
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14. An ellipse and an hyperbola are so situated that the 
rertioes of each carve are the foci of the other, and the curves are 
in planes at right angles to each other. If P be a point on the 
ellipse, and Q a point on the hyperbola, S the vertex, and A the 
interior focus of that branch of the hyperbola, then 

PQ-hAS^PS-hAQ, 

15. The shadow of a ball is cast by a candle on an inclined 
plane in contact with the ball ; prove that, as the candle bums 
down, the loous of the centre of the shadow will be a straight 
line. 

16. If sections of a right cone be made, perpendicular to 
a given plane, mtoh that the distance between a focns of a section 
and that vertex which lies on the same generating line parallel to 
the given plane be constant, prove that the transverse axes, pro- 
duced if necessary, of all sections will touch one of two fixed 
circles. 

17. If the vertical angle of a cone, vertex F, be a right 
angle, P any point of a parabolic section, and PN perpendicular 
to the axis of the parabola, 

VP = 2AS+ Ay, 

A being the vertex and S the focus. 

18. If two cones be described touching the same two spberes, 
the eccentricities of the two sections of tnem made by the same 
plane bear to one another a ratio constant for all positions of the 
plane. 

19. Given a right cone and a point within it, there are but 
two sections which have this point for focus ; and the planes of 
these sections make equal angles with the straight line joining 
the given point and the vertex of the cone. 

20. The vertex of any right circular cone which contains a 
given ellipse will lie on a certain hyperbola, and the axis of the 
cone will be a tangent to the hyperbola. 

21. Different elliptic sections of a right cone are taken such 
that their minor axes are equal; shew that the locus of thdr 
centres is the surface formed by the revolution of an hyperbola 
about the axis of the cone. 



CHAPTER VII. 

Hie Similarity qf Conies, the Areas of Conies^ and the 

Curvatures qf Conies, 

SIMILAR CONICS. 

161. Def. Conies which haioe the same eccentricity 
are said to be similar to each other. 

This definition is justified by the consideration that the 
character of the conic depends on its eccentricity alone, 
while the dimensions of all parts of the conic are entirely 
determined by the distance of the focus from the directrix. 

Hence, according to this definition, all parabolas are 
similar curves. 

162. Peop. I. if radii he drawn from the vertices 
qf two parabolas making equal angles with the axesy 
these radii are always in the same proportion. 

Let AP^ap be the radii, PN and pn the ordinates, 
the angles PAN, pan, being equal. 

Then AN : an :: AP : ap, 
and PN : pn :: AP : ap. 

But PiV2 : pn^ :: AS, AN : as.an; 

.'. AP* vaj^ :: AS,AP : as,apj 

or AP : ap :: AS : as. 

It can also be shewn that focfd radii making equal 
angles with the axes are always in the same proportion. 

163. Prop. II. If ttoo ellipses be similar their axes 
are in the same proportion, and any other diameters, 
making equal angles with the respective axes, are in the 
proportion of the axes. 
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Let CA, CB be the aemi-axes of one ellipse, ca, eh of 
the other, and C!P, cp two radii such that the angle 
PCA=pca. 

Then, since the eccentricities are the same, we have, 
MS^ 9 be fod, 

AC : SC :: ac : «c; 

or AC* : J?C7« :: a:* : ftc». 

Hence it follows, if PiV, pn be ordinates, that 

Pi\r> : AC*-CN* :: pn* : (u^-cn*; 

but^ by similar triangles, 

PN : pn :: CZV : en, 

therefore CZ\r» : AC*-CIP :: en* : ae^-en*; 

and (7i\r> : ^C7« :: cn« : ac». 

Hence CP : ep :: (7iV : en 

:: -4(7 : ae. 

8o also lines drawn similarly from the foci, or any other 
corresponding points of the two figures will be in the ratio 
of the traasyerse axes. 

Exactly the same demonstration is applicable to the 
hyperbola, but in this case, if tfie ratio of SC to AC in 
two hyperbolas be the same, it follows from Art. (98) 
that the angle between the asymptotes is the same in both 
curves. 

In the case of hyperbolas we hav^ thus a very simple 
test of similarity. 



The Arecu bounded by Conies, 

154. Fbop. III. tf ABy AC be two tangents to a 
parabola, the area bettoeen the curve and the chord BC is 
two-thirds qf the triangle ABC 



Arects. 

Draw the tangent DPB parallel to BC; then 

AP=PN, 
and BC-^2,DE\ 

therefore triangle BPC= 2ADE. 
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Again, draw the diameter i>QJlf meeting BP in M. 

By the same reasoning, FQO being the tangent parallel 
to BP, the triangle PQB^^FDQ, 

Through F draw the diameter FRL, meeting PQ in 
Ly and let this process be continued indefinitely. 

Then the sum of the triangles within the parabola is 
double the sum of the triangles without it. 

But, since the triangle BPC is half ABC, it is greater 
|Jian half the parabolic area BQPC; 

Therefore, Euclid, Bk. xii., the difiEerence between the 
parabolic area and the sum of the triangles can be made 
ultimately less than any assignable quantity; 
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And, the same being trae of the outer triangles, it 
follows that the area between the curve and BC is double 
of the area between the curve aud AB, AC, and is there- 
fore two-thirds of the triangle ABC:' 

CoE. Since PN bisects every chord parallel to BC it 
bisects the parabolic area BPC\ therefore, completing 
the parallelogram PNB U, the parabolic area BPN is two- 
thirds of the parallelogram UN, 

155. Prop. IV. The area of an ellipte is to the area 
qf the auxiliary circle in the ratio qf the cor^ugcUe to the 
transverse axis. 

Draw a series of ordinates, QPN, QfP'N^ ... near 
each other, and draw PR, QR^ parallel to ^C 




Then, since 

PN : QN :: BC : AC, 

the area PN' : QN' :: BC : AC, 

and, this being true for all such areas, the sum of the 
parallelograms PN is to the sum of the parallelograms 
QNBABCtoAC 

But, if the number be increased indefinitely, the sums 
of these parallelograms ultimately approximate to the 
areas of the ellipse and circle. 

Hence the ellipse is to the circle in the ratio of BQ 
to AC. 

The student will find in Newton's 2nd and 3rd Lemmas 
{PrincipiOy Section l), a formal proof of what we have 
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here assumed ais sufficiently obvions, that the sum of the 
parallelograms PN is ultimately equal to the area of the 
ellipse. 

156. Prop. V. 1/ P, Q he two points of an hyper- 
bola, and ifPLy QM parallel to one asymptote meet the 
other in L and M, the hyperbolic sector CPQ is eqtud 
to the hyperbolic trapezium PLMQ, 




For the triangles CPL, CQM are equal, and, if PL 
meet CQ in R, it follows that the triangle (7P^=the 
trapezium LRQM; hence, adding to each the area BPQ 
the theorem is proved, 

167. Peop. VI. ff points Z, M, N, K be taken in an 
asymptote of an hyperbola, stich that 

CL : CM :: ON : CK, 
and if LP, MQ, NR, KS, parallel to the asymptote, meet 
the curve in P, Q, R, S, the hyperbolic areas CPQf CR8 
will be eqtial. 

Let QR and PS produced meet the asymptotes in P, 

then RF:=QF'mdSG==PG', Art. (116); 

A NF=CM and KG^CL. 
Hence NF : KG :; CM i CL 

:: CIC : CN 
:: RN : aSX, 
and therefore SP Is parallel to QR. 
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The diameter CUV coi^jugate to PS bisects all chords 
parallel to PS, and therefore bisects the area PQRS\ 




also the triangle CP F= CSV, 

and CQU^CUB; 

therefore taking from CP V and CSV the equal triangles 
CQU, CRU, and the equal areas PQUV, SRUV, the 
remaining areas, which are the hy]()erbolic sectors CPQ, 
CRSf are equal. 

Cob. Hence if a series of points, Ly3f,N,.,. be taken 
such that CLy CM, CN, CK,,,, are in continued proportion, 
it follows that the hyperbolic sectors CPQ, CQR, CRSy &c 
will be all equal 

It will be noticed in this case that the tangent at Q 
will be parallel to PR, the tangent at R parallel to QS, 
and so also for the rest. 

I%6 Curvature of Conies. 

158. Dbf. If a circle touch a conic at a point P, and 
pass through another point Q of the conic, and if the point 
Q move near to, and ultimately coincide with P, the drde, 
in its ultimate condition, is cidled the circle of corvatare 
at P. 
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Peop. VII. The chord of intersection of a conic 
foith the circle qf curvature at any point is inclined to 
the cueis at the same angle as ths tangent at the point. 

It has been shewn that, if a circle intersect a conic in 
four points P, Q, R, F, the chords PQ, 22 F are equally 
inclined to the axis. 

Let P and Q coincide with each other ; then the tan- 
gent at P and the chord B V are equally inclined to the 
axis. 

Let the point V now approach to and coincide with P\ 
the circle becomes the circle of curvature at P, and the 
chord VR becomes PR the chord of intersection. 

Hence PR and the tangent at P are equally inclined 
to the axis. 

169. Pkop. VIII, If the tangent at any point P qf 
a parabola meet the axis in T, and if the circle of cur- 
wUure at P meet the curve in Q, 

PQ=^^.PT. 

Draw the ordinate PNP'\ then taking the figure of 
the next article, TP' is the tangent at P', and the angle 
P'TF^PTF^PFT'y therefore PQ is parallel to TP", 
and is bisected by the diameter P^E, 

Hence PG=2.P^=4PT 

=4Pr. 

160. Prop. IX, To find the chord of curvature 
through the foctis and the diameter qf curvature at any 
point qf a parabola. 

Let the circle meet Pas' produced in F, and the normal 
POy produced, in O. 

The angle PFS= PTS= SPT 

since PT\& a tangent. 

Therefore QFis parallel to the axis, 
and PV : SP :; PQ : PF. 
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Hence PF=4,£IP. 

Agam, the angle POQ=PVQ=PSN; 




:. PO : PQ :: SP : PN, 
or PO : SP :: ^PT : PiV 

:: 4;SP : /ST, 
if iSy be perpendicular to PT, 

GoA. 1. Since the normal bisects the angle between 
SP and the diameter through P, it follows that the chord 
of curvature parallel to the axis is 4aSP. 

Cor. 2. The diameter of curvature, PO, may also be 
expressed as follows : 

Let GL be the x)erpendicular from G on SP\ then PL 
= the semi-latus rectum = 2 AS, 

Also P VO being a right angle, 

PO : PG :: PV : PZ 

:: 4JSP : PL 

:: 4SP.pl \ PL\ 
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but 4SP . PL = SSP . AS= SSY^ = 2PGP ; 

/. PO : P6? :: 2PG^ : PL\ 

161. Peop. X. Xf the chord cf intersection^ PQ, of 
an ellipse, or hyperbola, with the circle cf curvature at P, 
meet CD, the semi<liameter corrugate to CP, in K, 

PQ.PK^2CD\ 




Drawing the ordinate PNP\ the tangent at P^ is 
poraUel to PQ, as in the parabola, and PQ is therefore 
bisected in V, by the diameter CP'. 

Let PQ meet the axes in U and ir% then, ITC being 
paraUel to PP\ 

PV : PU' :: FP' : CP' 
:: UT : CT, 
since PU, P'Tare parallel 

Also UT : CT :: Pt;^ : PK; 

.'. PV.PK^PU.PIT^PT.PT^CI^, 



and 



PQ.PK=2.CD\ 



B.O.S. 
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162. Peop. XL If the chord qfcurocUure PQ', of an 
eUipse or hyperbola in any direction^ meet CD in IT', 

P 
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Let PO be the diameter of curvature meeting CD in 
F\ then PQO, PQ^O are right angles, and a circle can be 
drawn through Q'K'FO ; 

V. P^.PK'=PF.PO 

=PK.PQ=2.CI>^. 

Cor. 1. Hence PO being the diameter of curvature, 
PF.P0^2.CD\ 

CoK. 2. If P^ pass through the focus, 

PK'^AC, 
and PQ!.AC--^,CD', 

Gob. 3. If P^ pass through the centre, 

PQ'.C7P=2.CZ)** 

163. We can also express the diameter of curvature 
as follows : 

PG being the normal, let GL be perpendicular to SP^ 
and let PR be the chord of curvature through S, 

Then GL is parallel to OR, 
and PO : P6? :: Pi2 : PL 

:: PR. PL : PU. 
But PR.AC=2.CD^', 

.-. PR I AC ::2.CL^ : AC* 
:: a.PG^ : 5(7*, 
and PR. PL : AC. PL :: 2.P6?« : 5(7». 

But, PZ being equal to the semi4atus rectum^ 

PL.AC=BC^; 
:. PR,PL=2.PG»i 
and PO i PG :: 2PG^2 . p^t 

Hence, in any conit, the tadiuB of curvature at any 
point is to the normal at the point as the square of the 
normal to the square of the semi-latus rectum. 

11—2 ^ 
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EXAMPLES. 

1. The radias of corratnre at the extremity of the latus 
rectum of a parabola \b equal to twice the nonnaL 

2. The circle of curvature at the end of the latus rectum in- 
tersects the parabpla on the normal at that point. 

3. The chord of curvature at a point P in the parabola 
pasaing through the vertex ii is to 4PY:: PY : AP. 

4. The drde of curvature at a point P in a parabola, cuts 
off from the diameter at P a portion equal to the parameter of 
that diamet^. 

5. p and p are points on a parabola on the same side of the 
axis ; PN and jpn are perpendiculars on the axis ; the normals P 
and p meet at a point Q: shew that the distance of Q from the 
axis is 

2PiV.pn(Pi\r-f jm) 
(latus rectum)^ 

Deduce the value of the radius of curvature at any point of a 
parabola. 

6. If P be a point of an ellipse equidistant from the axis 
minor and one of the directrices, prove that the circle of curvature 
at P will pass through one of the foci. 

7. The chord of curvature through the focus, at any pointy is 
equal to the focal chord parallel to the tangent at the point 

8. Prove that the locus of the middle points of the common 
chords of a given parabola and its circles of curvature is a para- 
bola^ and that the envelope of the chords is also a parabola. 

9. The circles of curvature at the extremities P, D of two 
conjugate diameters of an ellipse meet the ellipse again in Q, 22, 
respectively, shew that PR is parallel to DQ. 

10. In the rectangular hyperbola, the radius of curvature at 
a point P varies as CP*. 



Examples, 165 

11. The tangent at a point P of an ellipse whose centre is C 
meets the axis in T and t ; if CP produced meet in L the circle 
described about the triangle TOt, shew that PL is half the chord 
of curvature at P in the direction of C, and that the rectangle 
contained by CP, CL, is constant. 

12. If P be a point on a conic, Q a point near it, and if QE^ 
perpendicular to PQ, meet the normal at P in E, then ulti- 
mately when Q coincides with P, PE is the diameter of curva- 
ture at P. 

13. Prove that the ultimate point of intersection of conse- 
cutive normals is the centre of curvature. 

14. If a tangent be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
will be equal to the abscissa of the point measured along the 
axis. 

16. The circle of curvature at a point where the conjugate 
diameters are equal, meets the ellipse again at the extremity of 
the diameter. 

16. Find the points at which the radius of curvature is a 
mean proportional between the semi-migor and semi-minor axes 
of an ellipse. 

17. The chord of curvature at P perpendicular to the major 
axis is to PM, the ordinate at P, :: 2 . CD^ : BC^, 

18. Prove that there is a point P on an ellipse such that if 
the normal at P meet the elUpse in Q, PQ is a chord of the 
circle of curvature at P, and find its position. 

19. If 8P be the focal distance of a point P of a parabola, 
and SQi perpendicular to SP, meet the normal at P in Q, PQ is 
half the radius of curvature at P. 

20. The chord of curvature at a point P of a rectangular hyper- 
boIa» perpendicular to an asymptote, is to CD : : CD : 2 . PN, 
where PN is the distance of P from the asymptote. 

21. If 6^ be the foot of the normal at a point P of an ellipse, 
and OK perpendicular to PQ, meet CP in K, then KE, parallel 
to the axis minor, will meet PQ in the centre of curvature at P. 
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22. In the rectaognlar hyperbola, if CP be prodnced to Q, 
80 that PQ = CP, and QO be drawn perpendicular to CQ to 
intersect the normal in O, is the centre of curyature at P. 

23. If S and ff be the foci of an ellipse, B the extremity of 
the axis minor, a drcle described through 8, H, and B, will cut 
the minor axis in the centre of curvature at B, 

24. The tangent at any point P in an ellipse, of which S 
and H are the foci, meets the axis major in T, and TQR bisects 
HP in Q and meets 8P in R ; prove that PR is one-fourth of the 
chord of curvature at P through 8, 

25. An ellipse, a parabola, and an hyperbola, have the 
some vertex and the same focus ; shew that the curvature, at the 
vertex, of the parabola is greater than that of the hyperbola, and 
less than that of the ellipse. 
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PROJECTIONS. 

164. Def. The projection of a point on a plane is 
the foot of the perpendicular let fall from the point on 
the plane. 

If from all points of a given curve perpendiculars be 
let &U on a plane, the curve formed by the feet of the 
perpendiculars is the projection of the given curve. 

The projection of a straight line is also a straight line, 
for it is the line of intersection with the g^ven plane of 
a plane through the line perpendicular to the given 
plane. 

Parallel straight lines project into parallel lines, for the 
projections are the lines of intersection of parallel planes 
with the given plane. 

165. Pbop. I. Parallel straight lineSy qf finite ImigtJiB^ 
are projected in the same ratio. 

That is, if a&, p(2 be the projections of the parallel 
lines AB, PQ, 

db : AB :: pq : PQ, 

For, drawing AC parallel to ab and meeting EbmC^ 
and PR parallel to pq and meeting Qq in Ry ABC and 
PQR are similar triangles ; therefore 

AC : AB :: PR : PQ, 
and AC=dby PR=pq, 

166. Peop. II. The projection of the tangevU to a 
curve at any point is the tangent to the projection qf the 
curve at the projection of the points 
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For M p^ qhQ the projections of two points P, Q of 
a corye, the line pq is the projection of the line PQ^ and 
when the line PQ turns ronnd P nntil Q coincides with P, 
pq turns round p until q coincides with p, and the ultimate 
position of j!^ is the tangent at/?. 

167. Peop. III. The prcjeetion qf a circle is an 
eRipse. 

Let dbaf be the projection of the circle ABA', 




Take a chord PQ parallel to the plane of projection, 
then its projection pq » PQ, 

Let the diameter ANA' perpendicular to PQ meet 
in F the plane of projection, and let <m!F be the pro- 
jection of AA'F. 

Then aaf bisects^ at right angles in the point n, and 

an : AN :: aF : AF, 

afn : A'N :: AF : AF; 

:. AN.NA' lan.naf \: AF* : aP»; 

but AN. NA' = PN^ =pn\ 

:. pn* : an,naf :: AF* : aP*, 

and the curve apaf is an ellipse, having its axes in the 
ratio of 

aF : AF, or of aa^ : AA\ 
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Moreover, smce we can place the circle so as to make 
the ratio of aa' to AA* whatever we please, an ellipse of 
any eccentricity can be obtained. 

In this demonstration we have assumed only the 
property of the principal diameters of an ellipse. Properties 
of other diameters can be obtained by help of the pre- 
ceding theorems, as in the following instances. 

168. Peop. IV. The locus qf the middle pointB qf 
parallel chords qfan ellipse is a straight line. 

For, projecting a circle, the parallel chords of the 
ellipse are the projections of parallel chords of the circle, 
and as the middle points of these latter lie in a diameter 
of the circle, the middle points of the chords of the ellipse 
lie in the projection of the diameter which is a straight 
line, and is a diameter of the ellipse. 

Moreover, the diameter of the circle is perpendicular 
to the chords it bisects ; hence 

Perpendicular diameters qf a circle pi*cject into eon- 
jug<xte diameters qfan ellipse, 

169. Peop. V. ^f two intersecting chords qf an 
eilipse be parallel to fixed lines, the ratio qf the rectangles 
contained by their segments is constant. 

Let OPQy ORS be two chords of a circle, parallel to 
fixed lines, opq^ ors their projections. 

Then OP.OQ is to o^.o^ in a constant ratio^ and 
OR , OS is to or . 09 in a constant ratio; but 

OP,OQ=OR,OS, 

Therefore op . oq is to or.os in a constant ratio; and 
opq, ors are parallel to fixed lines. 

170. Peop. VI. ][f qvq' be a double ordinate qf a 
diameter cp, and if the tangent at q meet cp pro- 
duced in tf 

cv , ct = Cjpl^, 

The lines qvq' and cp are the projections of a chord 
QVQ^ of a circle which is bisected by a diameter CP, and 
t is the projection of T the point in which the tangent at 
Q meets CP produced. 
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But, in the drde, 

CV.CT=CF*, 

or CV-.CP :; CP : CT; 

and, tbeae lines being pnyected in the sune ntio, it 
followB that 

or cv.ct=cp\ 

Hence it follows that tangfents to an ellipse at the ends 
of any chord meet in the diameter coiyngate to the chord. 

The preceding will serve as sufficient illustrationa of 
the application of the method. 

171. Prop. VII, An eliipie can &« projected into a 

circle. 

This is really the converse of Art {166), but we give 
a Gonstruotdon for the purpose. 




Draw a plane throngh AA', the transverse axis, per- 
pendicular to the plane of the ellipse, and in this plane 
describe a circle on A A' as diameter. Also take the chord 
AD, equal to the conjugate axis, and join A'i>, which is 
perpendicular taAD. 

Through AD draw a plane perpendicular to A'-D, and 
project a principal chord PNP" on this plane. 
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Then PN* : AN.NA' :: B(P : A(P. 

But PN=pn, 

An : ^iV :: AD : ^-4' 
:: BC : -4(7, 

and 2)n : A'N :: i?^ : AC. 

Hence -4».«2> : AN.NA' :: -BC^ .. ^C", 

and therefore pn^ = ^m . 7iZ>, 

and the projection ApD is a circle. 

This theorem, in the same manner as that of Art. (166), 
may be employed in deducing properties of oblique dia- 
meters and oblique chords of an ellipse. 

172. Peop. VIL Tlie projection of a parabola is a 
parabola. 

For if PNP be a principal chord, bisected by the axis 
AN^ the projection pnp^ will be bisected by the pro- 
jection an. 

Moreoyer pn : PN will be a constant ratio, as also 
will be an : AN. 

And PN^=4AS.AN. 

Hence pn^ wiU he to 4AS. an in a constant ratio, and 
the projection is a parabola, the tangent at a being parallel 
to pn. 

173. Prop. VIII. An hyperbola can be always pro* 
JBCted into a rectangular hyperbola. 

For the asymptotes can be projected into two straight 
lines dy cC at right angles, and if P3f, PN be parallels to 
the asymptotes from a point P of the curve, PM. PN is 
constamt. 

But pm : PM and pn : PN are constant ratios ; 

.*. pm .pn is constant. 

And since pm and pn are perpendicular respectirely 
to d and cl\ it follows that the projection is a rectangular 
hyperbola. 
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The same proof oTidently shews that any projection of 
an hyperbola is also an hyperbola. 

The explanations of this chapter apply to a particular 
case only of the general method of projections ; in strict- 
ness we shonld have defined the method as the method of 
orthogonal projections. 



EXAMPLES. 

1. Proye by tbe method of projectionB the theorems of Arts. 
66, 70, 71, 74, 75, 76, 77, and 82. 

2. A pandlelogram is inscribed in a g^ven ellipse ; shew that 
its sides are parallel to conjugate diameters, and find its greatest 
area. 

3. TP, TQ are tangents to an ellipse, and CP^, CQ! are 
parallel semidiameters; PQ is parallel to P*Q,\ 

4. Determine tbe greatest triangle which can be inscribed 
in an ellipse having an angular p<Mnt fixed at a point in its peri- 
meter. 

5. If a straight line meet two concentric similar and simi- 
larly situated ellipses, the portions intercepted between the curres 
are equaL 

6. Find the locus of the point of intersection of the tangents 
at the extremities of pairs of conjugate diameters of an ellipse. 

7. Find the locus of the middle points of the lines joining 
the extremities of conjugate diameters. 

8. If a tangent be drawn at the extremity of the major axis 
meeting two equal conjugate diameters (7P, CD produced in T 
and t; then P/)*=242^. 

9. If a chord AQ drawn from the vertex be produced to 
meet the minor axis in 0, and CP be a semidiameter parallel to 
it,theniiQ.^0=2CPa. 

10. If the tangent to an ellipse at P meet a pair of ooiga- 
gate diameters in T and t, prove that 

PT.Pi=CDK 
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11. If the tangent at P meet a pair of parallel tangents 
ATjCA'mT and t, prove that 

AT,at=C£!^, 

and PT.Pt^CD\ 

CB being the semidiameter parallel io AT, and CD ooijngate to 
CP. 

12. A parallelogrram is inscribed in an ellipse, and from any 
point on the ellipse two straight lines are drawn parallel to the 
sides of the parallelogram ; prove that the rectangles under the 
segments of these straight lines, made by the sides of the paral- 
lelogram, will be to one another in a constant ratio. 

13. A parallelogram circmnscribes an ellipse, touching the 
curve at the extremities of conjugate diameters, and another 
parallelogram is formed by joining the points where its diagonals 
meet the ellipse : prove that the area of the inner parallelogram 
is half that of the outer one. 

If four similar and similarly situated ellipses be inscribed 
in the spaces between the outer parallelogram and the curve, 
prove that their centres lie in a similar and similarly situated 
ellipse. 

14. If a i^arallelogram be inscribed in ui ellipse, so that the 
diameter bisecting two opposite sides is always divided by either 
side in a constant ratio, its area will be constant. 

15. If a parallelogram circumscribe an ellipse, and if one of 
its diagonals bear a constant ratio to the diameter it contains^ 
the area of the parallelogram will be constant. 

16. About a given triangle PQfi is circumscribed an ellipse, 
having for centre the point of intersection ((7) of the lines from 
P, Q, R bisecting the opposite sides, and PCy QjC, RC are pro- 
duced to meet the curve in P*, Qf, R^ ; shew that, if tangents be 
drawn at these points, the triangle so formed will be similar to 
PQRf and four times as great. 

17. The locus of the middle points of all chords of an ellipse 
which pass through a fixed point is an ellipse similar and simi- 
larly situated to the given ellipse, and with its centre in the 
middle point of the line joining the given point and the centre of 
the given ellipse. 

18. Prove that an ellipse can be inscribed^in a parallelogram 
Fo as to touch the middle points of the four sides, and that it is 
the greatest of all inscribed ellipses. 
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19. A polygon of a given number of sideB circnmscribes an 
ellipie. Prove that, when its area is a minimum, any aide is 
panllel to the line joining the points of contact of the two ad- 
jacent sides. 

20. Assuming tliat the greatest triangle which can be in- 
scribed in a circle is equilateral, prove by the method of pro- 
jections that the greatest triangle which can be inscribed in an 
ellipse has one of its sides bisected by a diameter of the ellipse, 
and the others cut in points of trisection by the conjugate dia- 
meter. 

21. AB IS a given chord of an ellipse, and C any point in 
the ellipse ; shew that the locus of the point of intersection of 
lines drawn from A, B, C to the middle points of the opposite 
sides of the triangle ABO is a similar ellipse. 

22. CPf CD are conjugate semidiameters of an ellipse ; if 
an ellipse, similar and sixnilarly situated to the given ellipse, be 
described on PD as diameter, it will pass through the centre of 
the given ellipse. 

23. If an hyperbola and its conjugate are described having 
a pair of conjugate diameters of an ellipse for asymptotes, and 
cutting the ellipse in the points afb,c,d taken in order, shew 
that the diameters Oa, Oc, and Ob, Od are conjugate diameters 
in the ellipse ; and also that Oa, Odi and 06, Oc are conjugate 
diameters in the hyperbolas. 

24. PTf pt are tangents at the extremities of any diameter 
Pp of an eUipse ; any other diameter meets PT'm T and its con- 
jugate meets pt in t; also any tangent meets PT in I* and pt in 
(f; shew that PT \PT wpS \ pt. 

25. From the ends P, D of conjugate diameters of an ellipse 
lines are drawn parallel to any tangent line ; from the centre C 
any line is drawn cutting these lines and the tangent in p, d, t, 
respectively; prove that 

Oi)'-|-Oa'=C^. 

26. If CP, CD be conjugate diameters of an ellipse, and if 
BP, BD be joined, and also AD^ A'P, these latter intersecting 
in 0, the figure BDOP will be a parallelogram. 



CHAPTER IX. 



OF CONICS IN GENERAL. 



The Construction qf a Conic. 

174. The method of construction, given in Chapter I., 
can be extended in the following manner. 

Let fSn be any straight line drawn through the focus 




S^ and draw Ax from the vertex parallel to fS, and meet- 
ing the directrix in x. 

Divide the MnefSn in a and a' so that 

Sax of \: Saf : off :: SA : Ax; 

then a and a^ are points on the curve, for if oiS; be the per- 
pendicular on the directrix, 

<ik : €^ :: AX : Axy 

and therefore Sa : ok :: SA : AX, 
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Take any point e in the directrix, draw the lines eSl, ea 
through S and a, and draw SP making the angle P£S 
eqxul to LSn. 

Through P draw FPl parallel to fS, and meeting eS 
produced in /, 

then Pl=SP, 

and PI : PF :: Sa : af; 

.-. SP : PF :: Sa : (nf, 
and SP : PK :i Sa : ok; 

therefore P is a point in the cmra 

The other point of the conre in the line FP may be 
foond as in Art 9. 

175. The coDstmction for the poiDt (a) gives a simple proof 
that the tangent at the vertex is perpendicular to the axis. For 
when the angle ASa ia diminished, Sa approaches to equality 
with SA, and therefore the angle aASia ultimately a right angle. 

176. Prop. I. To find the points in which a given 
itraight line is intersected by a conic of which the focus, 
the directrix, and the eccentricity are given. 
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Let FPP' be the straight line, and draw Ax parallel 
to it. Join FS^ and find the points D and E such that 

SD : DF :: 8E : EF :: SA : Ax. 

Describe the circle on DE as diameter, and let it inter- 
sect the givetL line in P and P'. 

Join DP, EP and draw SG, FH at right angles to EP. 



Then SG : FH 



: SE : EF 
: SD : DF 
: PG : PH; 



therefore the angles SPG, FPH are equal, and therefore 
PD bisects the angle SPF. 

Hence SP : PF :: SD : DF :: SA : Ax, 
and P is a point in the curve. 

Similarly P^ is also a point in the curve, and the per- 
pendicular from 0, the centre of the circle, on FPP^ meets 
it in V, the middle point of the chord PP\ 

Since SE : EF :: SA : Ax 

and SD : DF :: SA : Ax; 

/. SE-SD : DE :: /S^^ : ^;c, 

or SO : 02> :: SA : ^a?, 

a relation analogous to 

SC : ^(7 :: SA : ^X. 

We have already shewn, for each conic, that the middle 
points of parallel chords lie in a straight line ; the following 
article contains a proof of the theorem which includes all 
the three cases. 

177. Prop. II. To find the locus of the middle poin ts 
of a gyitem, qfpardUel chords. 

Let P^P one of the chords be produced to meet the 

directrix in F, draw Ax parallel to FP, and divide FS so 

thiat 

SD : DF :: SE : EF :: SA : Ax; 

B. C.B. 12 
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then, as in the preceding article, the perpendicular OV 
upon PP' from the middle point of £>E, bisects PP'. 

Draw the parallel focal chord aSc^; then Oc parallel to 
the directrix bisects aa^ in c. Also draw tSG perpendicular 
to the chords, and meeting the directrix in G. 




Then, if OFmeet (lafynn, 

Vn : nO :: SF : SOy 
:: ^ : /Sfc, 
and, since ncOy SG/Bxe similar triangles, 

nO : nc :: SG : iSlf; 
,\ Vn : nc :: SG : Sc, 
and the line Vc passes through G, 

The straight line Gc is therefore the locus of the mid- 
dle points of all chords parallel to aSa\ 

The ends of the diameter GC may be found by the con- 
struction of the preceding article. 
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Cob. When the conic is a parabola, SA =AX^ 
and Sa : (tf \i AX : Ax 

:: SX : Sf, 
So Saf : off :: SX : Slf; 

/. Sc : ac :: SX : a^^, 
and ac : cf :: SX : Slf, 

Hence Sc i qf :: SX* : a^^ 

:; GX,X/: Gf. fX 
:: G^Jr : Gf; 

and therefore 6r(; is parallel to SX, that is, the middle 
points of parallel chords of a parabola lie in a straight line 
parallel to the axis. 

178. Prop. IIL To Jlnd the locus of the middle points 
cf all focal chords of a conic. 

Taking the case of a central conic, and referring to the 
figure of the preceding article, let Oc meet SCin N\ 

then CN : NS :: fX : .SX, 

and CN : NC :: GX : CX; 

.-. cN^ : SN.NC :: fX. GX : SX. CX 

:: SX^ : SX.CX. 

Hence it follows that the locus of c is an ellipse of 
which SC is the transverse axis, and such that the squares 
of its axes are as SX : CX or Cor. Art. (59), as 

BC* : AC\ 
Hence the locus of c is similar to the conic itself. 



EXAMPLES. 

1. Given a focns, the corresponding directrix, and a tangent 
of a conic, find the point of contact. 

12-2 
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2. If PK be the perpendicular from a point P of a conic 
on the directrixi and SK meet the tangent at the vertex in E, 
shew that the angles SPE, KPE ajre equal. 

3. If i^ be any point in the directrix, and E^ E' points on 
the directrix such that FE = FE' =FS, prove that EA and E'A 
will meet the conic in the points of contact of tangents from F, 

4. The portion of any tangent to a conic, intercepted between 
two fixed tangents, subtends a constant angle at the focus. 

5. The focal distance of any point on a conic is equal to the 
length of the ordinate at the point produced to meet the tangent 
at the extremity of the latus rectum. 

6. Prove that the normal at any point of a conic bears 
to the semi-latus rectum the ratio of the focal distance of the 
point of contact to the distance of the focus from the tangent. 

7. If the tangent at the end of the latus rectum meet the 
tangent at the vertex, A, in T, 

AT=A8. 

8. If an ordinate, PNP", to the transverse axis meet the 
tangent at the end of the latus rectum in T, 

TP.TP'=SNK 
Shew also that SP = TN. 

9. SR being the semi-latus rectum, if RA meet the directrix 
in E, and SE meet the tangent at the vertex in T, 

AT=AS. 

10. A focal chord PSQ of a conic section is produced to 
meet the directrix in K, and Kik/, KN are drawn through the 
feet of the ordinates PM, QN of P and Q. If KN produced 
meet PM produced in i2, prove that PR—PM, 

11. Focal choids of an ellipse or hyperbola are in the ratio 
of the squares on the parallel diameters. 

12. The tangents at P and Q, two points in a conic, inter- 
sect in 7*; if through P, Q, chords be drawn parallel to the 
tangents at Q and P, and intersecting the conic in 'p and 9 
respectively, and if tangents at p and j meet in T, shew that Tt 
is a diameter. 
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13. From the foot of the directrix a line is drawn perpendi- 
cular to the tangent at P and meeting SP in R] the locus of R 
is a circle. 

14. The chord of a conic PP' meets the directrix in K, and 
the tangents at P and P* meet in T-, if RKR\ parallel to ^7*, 
meet the tangents in R and R\ 

KR=-KR • 

16. The tangents at P and P', intersecting in T, meet the 
latus rectum in D and J9' ; prove that the lines through D and 
D\ respectively perpendicukr to SP and SP\ intersect in ST, 

16. The chords PQ, P'Q meet the directrix in f and Z?' ; 
prove that the angle FSP' is half the angle between SP and SP'. 

17. SPP' is a focal chord of an hyperbola ; shew that any 
line through S is divided harmonically by the directrix and the 
tangents at P and P', 

18. Having given a focus, a tangent, and the eccentricity 
of a conic section ; prove that the locus of its centre is a circle. 

19. If the chord PQ of a conic meet the directrix in D, 
shew that SP, SQ are equally inclined to SD. 

20. If P, Q be two points on a conic, and p, q two points 
on the directrix such that pq subtends at the focus half the angle 
subtended by PQ, either Pp and Qq or Pq and Qp meet on the 
curve. 

21. A chord PP' of a conic meets the directrix in P, and 
from any point T in PP ', TLL' is drawn parallel to SP and 
meeting SP, SP' in L and L' ; prove that the ratio of SL or 
SL* to the distance of T from the directrix is equal to the ratio 
of SA : AX. 

22. If an ellipse and hyperbola have their axes coincident 
and proportional, points on them equidistant from one axis have 
the sum of the squares on their distances from the other axis 
constant. 

23. If PO be the normal at any point P of a conic, and 
GL the perpendicular from G upon SP, prove that 

GL : PN :: SA : AX, 

PN being the ordinate. 
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24. If Q be any point in the normal PO, QR the perpendi- 
cular on SP, and QM the perpendicular on PN, 

QR : PM :: SA : AX. 

25. If normals be drawn at the ends of a focal chord, a line 
through their intersection parallel to the axis of the conic will 
bisect the chord. 

26. The normals at the extremities of a focal chord PSQ of 
a conic intersect in K, and KL is drawn perpendicular to PQ ; 
KF is a diagonal of the parallelogram of which SK^ KL^ are 
adjacent sides : prove that KF is parallel to the transverse axis 
of the conic. 

27. Given a focus of a conic section inscribed in a triangle, 
find the points where it touches the sides. 

28. PSQ is any focal chord of a conic section ; the normals 
at P and Q intersect in Kt and KN is drawn perpendicular to 
PQ, prove that PN is equal to SQy and hence deduce the locus 
ot N. 

29. If a chord PQ subtend a constant angle at the focus of 
a conic, the locus of the intersection of tangents at P and Q is a 
conic with the same focus and directrix. 

30. If PSQ be a focal chord, and X the foot of the directrix, 
shew that XP, XQ, are equally inclined to the axis. 

31. From the extremity P, of the diameter PQ of an elUpse, 
the tangent TPT' is drawn meeting two conjugate diameters in 
T, T. From P, Q the lines PR, QR are drawn parallel to the 
same conjugate diameters. Prove that the rectangle under the 
semiaxes of the ellipse is a mean proportional between the tri- 
angles PQR and CTT'. 

32. Shew that a conic may be drawn touching the sides of a 
triangle, having one focus at the centre of the circumacrilttDg 
circle, and the other at the orthocentre. 

33. The perpendicular from the focus of a conic on any 
tangent, and the central radius to the point of contact^ intersect 
on the directrix. 

34. From any given point in the axis of a conic a line is 
drawn perpendicular to the tangent at P ; prove that the locus 
of its intersection with the focal distance of P is a circle. 
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35. A circle is deBcribed on the lAtiu rectum of a conic 
through the focus S as diameter, and the common tangent to the 
conic and circle touches the conic in P and the circle in Q; prove 
that the angle PSQ is bisected by the latus rectum. 

36. AB, AC are tangents to a conic at £, and Ct and 
DEQP is drawn irom a point D in AC, parallel to il^ and 
cutting the curve in E and P, and BC in ; shew that 

J)Q^=DE.DP. 

37. A diameter of a parabola, vertex P, meets two tangents 
in D and E and their chord of contact in (?, shew that 

FG^=PD . FE. 

88. If a straight line parallel to an asymptote of an hyper- 
bola meet the curve in P and also meet two tangents in JD and 
E and their chords of contact in ; 

P(P=PD . PE. 

89. P and Q are two fixed points in a parabola, and from 
any other point R iu the curve, RP, RQ are drawn cutting a 
fixed diameter, vertex Ey in B and C ; prove that% the ratio of 
^^ to £(7 is constant. 

The same theorem is also true for an hyperbola, if a fixed 
line parallel to an asymptote be substituted for the diameter of 
the parabola. 



CHAPTER X. 

HARMONIC PROPERTIES, POLES AND POLARa 

179. Def. a ttraighi line is harmanieaU^ divided 
in two paints when the whole line is to one of the extreme 
parts as the other extreme part is to the middle parL 

ThnB AD is hannonially dhrided in C and Bj when 
AD : AC :: BD : BC. 

This definition, it will be seen, is the same as that of 
Art. (17), for BD=AD-AB, and BC^AB-AC. 



A 2 \ D 

Under these circnmstanoes the fonr points A^ C^ By D 
oonstitate an Harmonic Range^ and if throogh any point 
O four straight lines OAy OG^ OB, OD be drawn, these 
fonr lines constitute an Harmonic Pencil. 

180. Pbop. I. If a straight line he drawn paraUd 
to one qf the raiys of an harmonic pencil^ its segments 
made by the other three will he equals and any straight 
line is divided harm^micaUy hy the four rays. 

Let ACBD be the given harmonic range, and draw 
EOF through C parallel to ODy and meeting OAy OB in 
j^and^. 

Then AD : AC :; OD : EGy 

and BD : BC :: OD : CF; 

but from the definition 

AD : AC :: BD : BC; 

.-. EC=CFy 
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and any other line parallel to ECF is obviously bisected 
by 0(7. 

Next, let achd be any straight line catting the pencil, 
and draw «q/* parallel to Od\ so that ec=cf. 




Then 



and 



ad : ac \: Od I ec, 

hd : he :: Od : cf\ 

/. ad : ac :\ hd \ hc\ 



that is, a^ihd is harmonically divided. 

If the line c^ha be drawn catting AO produced^ 
then ad : ac :: Ob : eCy 

and /3d : fie :: Od : (j/*; 

/. ah : oc :: /3d : /3c, 
or aC : ad :: fie : /3d, 

and similarly it may be shewn in all other cases that the 
line is harmonically divided. 

181. Prop. II. 77ie peneil formed hy two straight 
lines and the hiseetors of the angles hetween them is an 
harmonic pencil. 

For, i£ OA.OB be the lines, and OC, OD the bisec- 
tors, draw KFL parallel to OC and meeting OA, OD, 
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OB. Then the angles OKL^ OLK are obTioodj eqnal. 




and the angles at P are right angles ; therefore KP=PL^ 
and the pencil is harmonic. 

182. Prop. III. If ACBD, Achd he harmonic 
rangeSf the straight lines Cc, Bb, Dd will meet in a point, 
as also Cd, cD, Bb. 

For^ if Ccy Dd meet in Fy join Fb ; then the pendl 

JP 




F(Acbd) is harmonic, and will be cut harmonically by 
AD; 
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Hence Fb produced will pass through B, 

Similarly, if Cd, cD meet in E^ 

E{Acbd) is harmonic, and therefore hE produced will 
pass through B. 

Harmonic Properties qf a Quadrilateral, 

In the preceding figure, let CcdD be any quadri- 
lateral ; and let dc, DC meet in A, Cd, cD in E, and Cc, 
Dd in F. 

Then taking b and ^ so as to divide Acd and ACD 
harmonically, the ranges Acbd and ACBD are harmonic, 
and therefore Bb passes through both E and F, 

Similarly it can be shewn that AF is divided harmoni- 
cally in L and M, by Dc and dC, 

For E{A€bd) is harmonic and therefore the transversal 
ALFMis harmonically divided. 

183. Prop. IV. ^ ACBD be an harmonic range^ 
and E the middle point qf CD, 

EA,EB=EC\ 

A c 2 2 T) 

For AD : AC :: BD : BC, 

or AE+EC : AE-EC :: EC+EB : EC-EB; 

.-. AE I EC :: EC : EB, 

or AE.EB=EC*==ED'. 

Hence also, conversely, if EC^=ED^=AE. EB, the 
range ACBD is harmonic, C and 2> being on opposite 
sides of E. 

Hence, if a series of points A, a, ^, &,... on a straight 
line be such that 

EA.Ea=EB.Eb^EC.Ec... 

=EP^, 
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and i(EQ=EP, then the soyeral ranges {APaQ\ {BPIQ\ 
&C. are harmonic. 

184. Def. a system of pauv of points on a straight 
line such that 

EA.Ea^EB.Eb^... =EP*=EQ^, 

is called a system in Involution^ the point E being called 
the centre and P, Q the foci of the system. 

Any two corresponding points A, a, are called conju- 
gate points, and it appears from above that any two con- 
jugate points form, with the foci of the system, an harmo- 
nic range. 

It will be noticed that a focus is a point at which con- 
jugate points coincide, and that the existence of a focus is 
only possible when the points A and a are both on the 
same side of the centre. 

186. Prop. V. Having given two pairs of points A 
and a, B and &, it is required to find the centre and foci 
qfthe involution. 

If Ehe the centre, 

EA : EB :: Eb : Ea; 



^ £ A £ b a 

.-. EA : AB :: Eb : db, 

or EA : Eb :: AB : ab. 

This determines Ey and the foci F and Q are given by 
the relations 

EPi=EQ^=EA.Ea. 
We shall however find the following relation usefuL 
Since EA : Eb :: EB : Ea; 

.-. EA : Ab :: EB : aB, 
or EA : EB :: Ab : aB ; 



but 
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/. Eb 


: EB 


:: Ab.ba :: AB.Ba. 


Again, 


Qb 


: Pb 


:: QB : PB ; 




.'. Qb-Pb 


: Pb 


:: QB-PB : PB, 




or 2. EP 


: Pb 


:: 2.EB : BP; 




.\ Pb^ : 


PB' 


:: EP^ : EB^, 

:: Ab,ba : AB,Ba. 


This determines the ratic 


) in which -56 is divided by P. 



186. If Q^ Pa be an harmonic range and E the middle 
point of PQ, and if a circle be described on PQ as dia- 
meter, the lines joining any point B qn this circle with P 
and Q wiQ bisect the angles between AR and aE, 



For 



EA,Ea=EP*=ER^; 




.-. -E/4 : J&/2 :: EB : -&a, 
and the triangles ARE, aRE are similar. 

Hence AR : aR :: EA : ^/2 

:: EA : EP. 
But -&« : EP :: EP : EA; 

:. aP : iS^P :: ^P : EA, 
Hence AR : aR :: -^IP : aP, 

and ARa is bisected by RP, 
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Hence, if A and a, B and b be conjugate points of a 
system in involution, of which P and Q are the foci, it 
follows that ^^ and ab subtend equal angles at any point 
of the circle on PQ as diameter. 

This fact also affords a means of obtaining the relations 
of Art. 185. 

We must observe that if the points A, a are on one 
side of the centre and B, b on the other, the angles sub- 
tended by AB, ab are supplementary to each other. 

187. Peop. VI. I/four points form an harmonic 
range, their conjugates also form an harmonic range. 

Let A, B, C, Dhe the four points, 

a, b, c, d their conjugates. 

d h e a A B C D 

Q E D 

Then, as in Art 185, 

Ea : ED :: ad : AD ; 
.•. AD.Ea='ED,ad. 
Similarly AC,Ea= EG , ac, 

BD.Eb=ED.bd, 
BC.Eb=EC.bc, 
But, ABCD being harmonic, 

AD : AC :: BD : BC\ 
,\ ED, ad : ECac :: ED.bd : EC, be. 
Hence ad : ac :: bd : be, 

or the range of the conjugates is harmonic. 

188. Peop. VII. Jfa system of conies pass throttgh 
four given points, any straight line will be cut by the 
system in a series of points in involution. 
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Let the line meet one of the conies passing through the 
four points (7, />, E^ F, in A and a, and the sides CF, JED, 
in £ and 5. 

Then the rectangles AB . J9a, (7J9 . BF are in the 
ratio of the squares on parallel diameters, as also are 
Ab . ha and Db . bF. 

But the squares on the diameters parallel to CF, ED 
are in the constant ratio CB . BF : Db.bE; 

Therefore the rectangles AB . Ba, Ab.ba are in a con- 
stant ratio. 




But, Art. 185, this ratio is the same as that of PB* 
: Pb'\ if P be a focus of the involution A, a, B, b. 

Hence P is determined, and all the conies cut the line 
Bb in points which form with B, b & system in involution. 

We may observe that the foci are the points of contact 
of the two conies which can be drawn through the four 
points touching the line, and that the centre is the inter- 
section of the line with the conic which has one of its 
asymptotes parallel to the line. 

189. Prop. VIII. 1/ through any point two tangents 
be dravm to a conic, any other straight line through the 
point will be divided harmonically by the curve and the 
chord qf contact. 

Let AB, ^(7 be the tangents, ADFE the stndght 
line. 
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Through 2> and ^ draw GDHK, LEMN parallel 

Then the diameter through A bisects DH^ and BC^ 
and therefore bisects GK; hence GD^HK^ and similarly 
LE=MN. 

Also LE : EN :: GD : DK; 

/. LE.EN \ LE^ :: GD,DK : GB\ 
or LE,LM : 6?2>. G^i7 :: Z^« : (?/>« 

Bat LE, LM : GB . GH :: LB* : J9(y«; 
hence AL \ AG \\ BL \ BGy 




and therefore AE : -42) :: -F^ : FB^ , 
that is, ABFE is harmonically divided. 

190. Peop. IX. If two tangents he drawn to a conic, 
any third tangent is harmonically divided by the two 
tangents, the curve, and the chord qf contact. 

Let BEFG be the third tangent, and through G^ the 
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point in which it meets AC, draw GHKL parallel to ABj 
cutting the curve and the chord of contact in H, Ky //• 




Then GH.GL \ GC^ :: AB^ : AC^ 

:: GK^ : GC^\ 
.-. GH,GL=GK\ 
Hence DG^ : DE^ :: GK^ : EB^ 

GH.GL : JSrj?« 
GF^ : ^J^; 
that is, DEFG is an harmonic range. 

191. Prop. X J!/ any straight line meet two tangents 
to a conic in P and Q, the chord of contact in T and the 
conic in It and F, 

FE.PF: QR.QV :: FT : QT. 

Taking the preceding figure, draw the tangent DEFG 
parallel to FQ, 

Then FB.FV \ EF^ 



and 



but 



QB.QV '. GF^ 

EF \ DE 
.'. PB.PV '. FT^ 



PB^ : BE^ 
FT* : DE^i 
QC^ : GG^ 
QT^ : DG^; 

GF : DG; 
QR.QV : QT^. 



B.O.S. 



13 



194 Harmonic I^operties. 

192. PltoP.XL Xf chords qf a conic he drawn through 
a fixed point the pain qf tangents at their extremities 
teiU intersect in a fixed line. 

Let ^ be the fixed point and C the centre, and let CB 
meet the cuire in P. 




Take A in CF such that 

CA : CP :: CP : CB^ 
then B is the middle point of the chord of contact of the 
tangents AQ,AB. 

Draw any chord EBF and let the tangents at E and F 
meet in G: also join CG and draw PiV parallel to JEF. 

Then if CG meet ^Pin JTand the tangent at P in T, 

C£:.CG=CN.CT; 



• • 



CG : CT 



CN 
CP 
CA 



CK 
CB 
CP\ 



hence AG\% parallel to PT, and the point G therefore 
lies on a fixed line. 
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If the conic be a parabola^ we must take ^P equal 
to BP: then, remembering that KG and NT are bisected 
by the curve, the proof is die same. 

193. If ^ be the fixed point, and if the chord AFF be 
drawn through A, then, as before, 

CK.CG=CN.CT, 




and 



CG : CT 



CN : CK 
CP : CA 
CB : CP', 



therefore BG is parallel to PT and coincides with the 
chord of contact QR. 

Hence, conversely, if from points on a straight line 
pairs of tangents be drawn to a conic, the chords of con- 
tact will pass through a fixed point. 

194. Def. The locus of the points of intersection of 
tangents at the extremities of chords through a fixed point 
is called the polar of the point. 

Also, if from points in a straight line pairs of tangents 
be drawn to a conic, the point in which all the chords of 
contact intersect is called the pole of the line. 

If the pole be without the curve the polar is the chord 
of contact of tangents from the pole. 

13—2 
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If the pole be on the cunre, the polar is the tangent 
at the point. 

195. Prop. XIL A straight line draum through any 
point is divided harmonicallg by the pointy the curve^ 
and the polar qf the point. 

If the point be without the conic this is already proyed 
in Art (189). 

If it be within the conic, as ^ in the figure of Art (1 92\ 
then, drawing any chord FBEV meeting in V the polar 
of By the chord of contact of tangents from V passes 
through B, by Art (192), and the line VEBF is therefore 
harmonically divided. 

Hence the polar may be constructed by drawing two 
chords through the pole and dividing them harmonically; 
the line joining the points of division is the polar. 

196. Pbop. XIIL Thepolars qf two points intersect 
in the pole qfthe line joining the ttoo points. 

For, if -4, ^ be the two points and O the polar of AB, 
the line ^O is divided harmonically by the curve, and 
therefore the polar of A passes through the point O. 

Similarly the polar of B passes through ; 

That is, the polars of A and B intersect in the pole 
of AB. 

197. Pbop. XIV. If a quadrilateral be inscribed in 
a conic, its opposite sides and diagonals tcill intersect in 
three points such that each is the pole of the line joining 
the other tiro. 

Let ABGD be the quadrilateral, F and Q the points 
of intersection of AD, BC, and of DC, AB. 

Let EG meet FA, FB, in Z and if . 

Then, Art (182), FDLA and FCMB are harmonic 
ranges; 

Therefore L and M are both on the polar of JP, Art 
(195), and EG is the polar of F. 
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Simflarly, EF is the polar of G, and therefore E is 
the pole of FG ; Art (196). 




198. Def. If each of the sides of a triangle be the 
polar, with regard to a conic, of the opposite angular point, 
the triangle is said to be self-conjugate with regard to the 
conia 

Thus the triangle EGF in the above figure is self- 
conjugate. 

To construct a self-conjugate triangle, take a straight 
line AB and find its polar G. 

Draw through G any straight line GD cutting AB in 
D, and find the pole E of GD, which lies on AB : then 
Gi}E is self-conjugate. 

199. Peop. XV. ^f a quadrilateral circumscribe a 
coniCy its three diagonals form a seif-conjugate triangle. 

If the chord of contact PT meet FG in R, R is on 
the polar of F, and therefore ^is on the polar of R. 

Now F {AEBG) is harmonic ; 

.*. FE is the polar of R. 
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Similarly, If the other chord of contact meet PO in 
Bf , GE IB ihe pohx of R ; 




a 

.'. E is the pole of FG, 

j&gain, DEBK is harmonic, and AB, AD are tangents ; 
therefore AE passes through the polar of K\ hence it fol- 
lows that Lf the intersection of AG, FG, is the pole of BD. 

ELK\a therefore a self-coi\JTigate triangle. 

200. Pkop. XVI. If a system qf conies have a com- 
mon seHf-conjugate triangle, any straight line parsing 
thrtmgh one of the angtdar points of the triangle is cut 
in a series cf points in involtUion, 

For, MABG be the triangle, and a line APDQ meet 
BC in Z), and the conic in P and Q, APDQ is an har- 
monic range, and all the pairs of points P, Q form with 
A and D an harmonic range. 

Hence the pairs of points form a system in involation, 
of which A and D are tiie fod 

201. Prop. XVII. The pencil formed by the pcHars 
of the four points cfan harmonic range is an harmonic 
pencil. 

Let ABCD be the range^ O the polar of AD. 
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Let the polars Oa, Ob, Oe, Od meet AD in a, &, e, d, 
and let ^2> meet the conic in P and Q, 

d h c 

§ a P i 'a B b 

Then APaQ, CPcQ, &c. are harmonic ranges; and 
therefore, Arts. 183, 184, a, c, &, d are the conjugates of 
A, Cj By D, 

Hence, Art. (187), the range (icbd is harmonic^ and there- 
fore the pencil O {acbd) is hsumonic 



Reciprocal Polars. 

202. The pole of a line with regard to any conic being 
a point and the polar of a point a fine, it follows that any 
system of points and lines can be transformed into a 
system of lines and points. 

This process is called reciprocation^ and it is dear that 
any theorem relating to the original system will haye its 
analogue in the system formed by reciprocation. 

Thus, if a series of lines be concurrent, the corre- 
sponding points are coUinear; and the theorem of Art 
(-201) is an instance of the effect of reciprocation. 

203. Def. If a point moTO in a cmrve {C\ its polar 
will always touch some other curre (C")j this latter curve 
is called the reciprocal polar of (fi) with regard to the 
auxiliary conic. 

Prop. XVII. If a curve C be the polar qf O, then 
fffiU C be the polar qf C\ 

For, if P, P' be two consecutiye points of C, the inter- 
section of the polars of P and P' is a point Q, which is 
the polar of the line PP*. 

But the point Q is ultimately, when P and P' coin- 
cide, the point ef contact of the curre which is touched 
by the polar of P. 

Hence the polars of the points Q of CT^ are tangents 
to the curve C7. 
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204. So far we have considered poles and polars 
generally with regard to any conic ; we shall now confine 
our attention to the simple case in which a circle is the 
auxiliary curve. 

In this case, if AB be a line, P its polar, and CY the 
perpendicular from the centre of the circle on AB, the 
rectangle CP .CY is equal to the square on the radius 
of the circle. 

A simple construction is thus given for the pole of a 
line, or the polar of a point. 

205. As an illustration take the theorem of the exist- 
ence of the orthocentre in a triangle. 

Let AOD, BOB, COF be the perpendiculars, O being 
the orthocentre. 

The polar reciprocal of the line BG is a point A\ and 
of the point A a line B'G\ 

To the line AD corresponds a point P on B^C, and 
smce ADB is a right angle, it follows that PSA' is a 
right angle, S being the centre of the auxiliary circle. 

And, similarly, if SQ^ SR, perpendiculars to SB', SC, 
taieet C'A' and A'B' in Q and R, these points correspond 
to BE and CF. 

But ADy BCy CF are concurrent^ 

.'. P, Q, R are collinear. 

Hence the reciprocal Theorem, 

If from any point S lines he drawn perpendictdar 
respectively to SA\ SB\ SC\ and meeting B'C\ G'A\ 
A'B' in P, Q, and R, tJiese points are coUinear, 

As a second illustration take the Theorem, 

If A,B "be two fixed points, and AG at right angles 
to each other, the locus cfCisa circle. 

Taking 0, the middle point of AB, as the centre of 
the auxiliary circle, the reciprocals of A and B are two 
parallel straight lines, PE, QF, perpendicular to AB ; the 
reciprocals of AC, BC are points P, Q on these lines such 
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that POQ is a right angle, and PQ is the reciprocal 
of (7. 

Hence, the locns of C being a circle, it follows that PQ 
always touches a circle. 

The reciprocal Theorem therefore is, 

1/ a straight line PQ, bounded by two parallel straight 
lines, subtend a right angle at a point O, halfway between 
the lines, the line PQ always touches a circle, having O 
for its centre. 

206. Peop. XVIII. The reciprocal polar of a drcU 
icith regard to another circle, called tJie auxiliary circle, 
is a conic, a focus of which is tJie centre of tJie auxiliary 
circle, and the corresponding directrioo the polar of the 
centre qfthe reciprocated circle. 

Let 8 be the centre of the auxiliary circle, and KX 
the polar of C, the centre of the reciprocated circle. 




Then, if P be the pole of a tangent QY io the circle 
C, SP meeting this tangent in Y^ 

SP,SY=SX.SO. 

Therefone drawing SL parallel to QY, 

JSP : SC :: SX : QL. 
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But^ by similar triangles, 

SP :S0:: SN : CL; 

.-. SP : SO :: NX : CQ, 

or SP : PX :: SC : OQ. 

Hence the locus of P is a codic, focus S^ directrix K^X, 
and haying for its eccentricity the ratio of SC to CQ. 

The reciprocal polar of a circle is therefore an ellipse, 
parabola, or hyperbola, as the point S is within, upon, or 
without the circumference of the circle. 

207. Pbop. XIX To find the lotus rectum and axes 
qfihe reciprocal conic. 

The ends of the latus rectum are the poles of the tan- 
gents parallel to SC. 

Hence, if SB be the semi-latus rectum, 

SB.CQ=SE\ 

SE being the radius of the auxiliary circle. 




The ends of the transverse axis A, A' are the poles 
of the tangents at F and G ; 



and 



.-. SA.SG=SE', 
SA\SF=SE\ 
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Let SU, SU' be the tangents from 8^ then 

SG.SF==SU\ 

:. 8A' : SG :: 8E^ : 8U\ \ , . 

and 8A : 8F :: /S'J^« : 8U\ J ^"^* 

Hence A A' : FG :: 8E' : 8U\ 

or, if O be the centre of the reciprocal, 

AG : CQ :: 8F^ : 8C/^ 

Again, if BOB^ be the conjugate axis, 

B0*=8R.A0; 

therefore, since 8B* = 8B . CQ, 

,BG^ : 8E^ :: AG : CQ 

and BG.8U=8E\ 

The centre 0, it may be remarked, is the pole of UU^ 
For, from the relations (a), 

SE* : SU^ :; 8A-\-8A' : 8F+8G 
:: /^O : aS'(7 
:: 8G.8M : 80. 8M; 
.'. 8G.8M=8EK 

208. In the figures drawn, the reciprocal conic is an 
hyperbola; the asymptotes are therefore the lines through 
G perpendicular to 811 and 8U', the poles of these lines 
being at an infinite distance. 

The semi-coi\jugate axis is equal to the perpendicular 
from the focus on the asymptote. Art. (99), i,e, if Oi>bethe 
asymptote, 8D is equal to the semi-conjugate axis. 

Further, since GD is perx)endicular to 8U, and G is 
the pole of UU^f it follows that D is the pole of CUy and 

.-. 8D.8U=8E', 

as we have already shewn. 
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Again, 2> being the intersection of the polars of C and 
U, is the intersection o{ SUa,nd the directrix. 

209. If the point S be within the circle, so that the 
reciprocal is an ellipse, the axes are given by similar 
relations. 

Through S draw aS'C/' perpendicular to FG. 




then SF.SG=SU^, 

and exactly as in the case of the hyperbola, 

AG : CQ :: SJS^ : SU^, 
and BO.SU=^SE\ 

210. The importaut Theorem we have just considered 
enables us to deduce from any property of a circle, a cor- 
responding property of a conic, and we are thus furnished 
with a method, which may serve to give easy proofs of 
known properties, or to reveal new prox)erties of conies. 

In the process of reciprocation we observe that points 
become lines and lines points; that a tangent to a curve 
reciprocates into a point on the reciprocal, that a curve 
inscribed in a triangle becomes a curve circumscribing a 
triangle, and that when the auxiliary curve is a circle, the 
reciprocal of a circle is a conic, the latus rectum of which 
varies inversely as the radius of the circle. 



Poles and Polars, 



205 



211. We give a few instances ; 
Theobeh. 



Becifbooal. 



The angles in the some seg- 
ment of a circle are equaL 



Two of the common tan- 
gents of two equal circles are 
parallel. 



If a chord of a circle sub- 
tend a constant angle at a fixed 
point on the curve, the chord 
always touches a circle. 



If a chord of a circle pass 
through a fixed point, the rect- 
angle contained by the seg- 
ments is constant. 

If two chords be drawn 
from a fixed point on a circle 
at right angles to each other, 
the line joining their ends passes 
through the centre. 

If a circle be inscribed in a 
triangle, the lines joining the 
vertices with the points of con- 
tact meet in a point. 

The sum of the reciprocals 
of the radii of the escribed cir- 
cles of a triangle is equal to 
the reciprocal of the inscribed 
circle. 



If a moveable tangent of a 
conic meet two fixed tangents, 
the intercepted portion sub- 
tends a constant angle at the 
focus. 

If two conies have the same 
focus, and equal latera recta, 
the straight line joining two of 
their common points passes 
through the focus. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a constant angle at the 
focus, the locus of the interaec- 
tion of the moving tangents 19 
a conic having the same focus 
and directrix. 

The rectangle contained by 
the perpendiculars from the 
focus on two parallel tangents 
is constant. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a right angle at the focuF^ 
the two moveable tangents meet 
in the directrix. 

If a triangle be inscribed in 
a conic the tangents at the ver- 
tices meet the opposite sides in 
three points lying in a straight 
line. 

With a given point as focus, 
four conies can be drawn cir- 
cumscribing a triangle, and the 
latus rectum of one is equal to 
the sum of the latera recta of 
the other three. 
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EXAMPLES. 

1. If a series of circles pass tbrough tbe same two points, 
any transTersal will be cut by tbe circles in a series of points in 
involution. 

2. If be tbe centre of tbe circle circumscribing a triangle 
ABC, and B'C^, C'A\ A'B\ tbe respective polars witb regard 
to a concentric circle of the points A, B, C, prove that is tbe 
centre of tbe circle inscribed in tbe triangle A'B'C\ 

8. OA, OBf OC being three straight lines given in position, 
shew that there are three other straight lines each of whidi forms 
with OA, OB, OC an harmonic pencil ; and that each of the 
three OA, OB, 00 forms with the second three an harmonic 
pencil 

4. The straight line ABCD is divided barmonicaUy in the 
points B, C; prove that if a circle be described on ^C7 as 
diameter, any circle passing tbrough B and D will cut it at right 
angles. 

6. Three straight lines AD,AE,APtiTe drawn through a 
fixed point A, and fixed points B, C, D are taken in ^D, such 
that ABCD is an harmonic range. Any straight line through C 
intersects AE taid AF in E and F, and BE, DF intersect 
in P; DE, BF m Q. Shew that P and Q always lie in a 
straight line through A, forming with AD, AE, AF an har- 
monic pencil. 

6. CA, CB are two tangents to a conic section, a fixed 
point in AB, POQ any chord of tbe conic ; prove that tbe inter- 
sections of AP, BQ, and also of AQ, BP lie in a fixed straight 
line which forms with CA, CO, CB an harmonic pendL 

7. If three conies pass through tbe same four points, tbe 
common tangent to two of them is divided harmonically by tbe 
third. 

8. Two conies intersect in four points, and through tbe in- 
tersection of two of their common chords a tangent is drawn to 
one of them; prove that it is divided harmonically by the other. 

9. Prove that the two tangents through any point to a 
conic, any line through the point and the line to the pole of tbe 
^<vst line, form an harmonic pencil 



Examplsa. 207 

10. Shew that the asymptotes of an hyperbola form, with 
any pair of oox^ugate diameters, an harmonic pencil. 

11. Shew, from Arts. 195 and 196, that the centre of a conic 
11 the pole of a line at an infinite distance. 

12. PSQ, and P^R are two focal chords of an ellipse ; two 
other ellipses are described haviog P for a common focus, and 
touching the firtft ellipse at Q and R respectively. The three 
ellipses have equal major axes. Prove that the directrices of the 
last two ellipses pass through the pole of Qfi, 

18. Tangents from T touch an ellipse in P and Q, and PQ 
meets the directrices in R and R' \ shew that PR and Qfi' sub- 
tend equal angles at T, 

14. If two confocal conies intersect, prove that the centre of 
curvature of either curve at a point of intersection is the pole of 
the tangent at that point with regard to the other curve. 

> 15. If from a given point in the axis of a conic a chord be 
drawn, the perpendicidar from the pole of the chord upon the 
chord will meet the axis in a fixed point. 

16. Q, is any point in the tangent at a point P of a conic ; 
00 perpendicular to CP meets the normal at P in 0, and QE 
perpendicular to the polar of Q meets the normal at P in ^ ; 
prove that EQ is constant and equal to the radius of curvature 
at P. 

17. If any triangle be reciprocated with regard to its ortho- 
centre, the reciprocal triangle will be similar and similarly 
situated to the original one and will have the same orthocentre. 

18. If two conies have the same focus and directrix, and a 
focal chord be drawn, the four tangents at the points where it 
meets the conies intersect in the same point of the directrix. 

19. An eUipse and a parabola have a common focus ; prove 
that the ellipse either intersects the parabola in two points and 
has two common tangents with it, or else does not cut it. 

20. Prove that the reciprocal polar of the circumscribed 
circle of a triangle with regard to the inscribed circle is an 
ellipse, the major axis of which is equal in length to the radius 
of the inscribed circle. 
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21. Prove tbat four parabolas, haying a common focus, may 
be described so that each shall touch three out of four given 
straight lines. 

22. A triangle ABO circumscribes a parabola, focus. iS; 
through ABC lines are drawn respectively perpendicular to SA, 
SB, SO ; shew that these lines meet in a point. 

23. A tangent to an ellipse at a point P intersects a fixed 
tangent in T ; if through a focus S a line be drawn perpendicular 
to ST, meeting the tangent at P in Q, the locus of Q is a straight 
line touching the ellipse. 

24. Prove that the distances, from the centre of a circle, of 
any two poles are to one another as their distances from the 
alternate polars. 

25. If P, Q, Jt he three points on a conic, and PB, QR 
meet the directrix in p, q, the angle which pq subtends at the 
corresponding focus is half the angle which PQ subtends. 

26. Keciprocate the theorems, 

(1) The opposite angles of any quadrilateral inscribed 
in a circle are equal to two right angles. 

(2) If a line be drawn from the focus of an ellipse 

making a constant angle with the tangent, the 
locus of its intersection with the tangent is a 
circle. 

27. The locus of the intersection of two tangents to a para- 
bola which include a constant angle is an hyperbola, having the 
same focus and directrix. 

28. Two ellipses having a common focus cannot intersect in 
more than two real points, but two hyperbolas, or an ellipse and 
hyperbola, may do so. 

29. ABC is any triangle and P any point : four conic sec- 
tions are described with a given focus touching the sides of the 
triangles ABC, PBC, PCA, PAB respectively, shew that they 
all have a common tangent. 

30. TPj TQ are tangents to a parabola cutting the directrix 
respectively in X and Y; ESP is a straight line drawn through 
the focus S perpendicular to ST, catting TP, TQ respectively in 

^ F', prove that the lines EY, XF are tangents to the parabola. 
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31. With the orthocentre of a triangle as focus, two conies 
are described touching a side of the triangle and having the other 
two sides as directrices respectively ; shew that their minor axes 
are equal. 

82. Prove that with a given point as focus, four conies can 
be drawn circumscribing a given triangle, and that the sum of 
the latera recta of three of them will equal the latus rectum of 
the fourth. 

If the sides of the triangle subtend equal angles at the given 
point one of the conies will touch the other three. 

33. Two parabolas have a common focus <S^ ; parallel tangents 
are drawn to them at P and Q intersecting the common tangent 
in P' and Q'; prove that the angle PSQ is equal to the angle 
between the axes, and the angle P'SQ' is supplementary, 

Deduce the reciprocal Theorem for two circles. 

34. Shew that two circles can be reciprocated into a pair of 
confocal conies. 

85. ABC is a given triangle, 8 a given point; on BO, CA, 
AB respectively, points A\ B, C are taken, such that each of 
the angles ASA', BSB\ CSC, is a right angle. Prove that 
A\ B\ C lie in the same straight line, and that the latera 
recta of the four conies, which have S for a common focus, and 
respectively touch the three sides of the triangles ABC, AB'C, 
A BC, A'B'C are equal to one another. 

86. 8 \a the focus of a conic ; P, Q two points on it such 
that the angle PSQ, is constant; through 8, SB, ST are drawn 
meeting the tangents at P, Q in B, T respectively, and so that 
the angles PSB, QST are constant; shew that BT always 
touches a conic having the same focus and directrix as the 
original conic. 

87. OAj OB are common tangents to two conies having a 
common focus 8, CA, CB are tangents at one of their points 
of intersection, BD, AE tangents intersecting CA, CB in 2>, E. 
Prove that SDE is a straight line. 

38. An hyperbola, of which 5 is one focus, touches the sides 
of a triangle A BC ; the lines 8A, SB, SC are drawn, and also lines 
SDt SE, SP respectively perpendicular to the former three lines, 
and meeting any tangent to the curve in D, E^P; shew that the 
lines AD, BE, CP are eoncuirentb 

3. C. a H 



CHAPTER XL 

THE CONSTRUCTION OF A CONIC FROM GIVEN 

CONDITIONS. 

212. It will be found that, in general, five conditions 
are sufficient to determine a conic, but it sometimes hap- 
pena that two or more conies can be constructed which 
will satisfy the g^yen conditions. We may have, as given 
conditions, points and tangents of the curve, the directions 
of axes or conjugate diameters, the i)osition of the centre, 
or any characteristic or especial property of the curva 

213. Peop. I. To construct a parabola, passing 
through three given points, and having the direction c/ 
its axis given. 

In this case the fact that the conic is a parabola is one 
of the conditions. 




Let P, Q, B be the given points, and let BE parallel 
to the given direction meet.PQ in E. 
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If E be the middle point of PQ, B is the vertex of the 
diameter RE; but, if not, bisecting PQ in. V, draw the 
diameter through V and take A such that 

AV . BE\\ QV^ : QE.EP. 

Then A is the vertex of the diameter A V, 

If the point E do not fall between P and Q, A must 
be taken on the side of PQ which is opposite to M, 

The focus may then be found by taking A U such that 

QV*=^V.AU, 

and by then drawing US parallel to QT and taking AS 
equal to A U, 

214. Prop. II. To describe a parabola through four 
given points. 

Firsts let ABCD be four points in a given parabola, 
and let the diameter CF meet AD in F, 




Draw the tangents PT, QT parallel to AD^ BG^ and 
the diameter QF meeting PT in F, 

14—2 
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Then ED.EA : EC.EB :: TP^ : T^ 

TV^ ; TQ^ 

EF^ : EG\ 

Hence the constmction ; in EA take EF such that 

EF^ : EC^ :: ED.EA : EC.EB, 

then CF is the direction of the axis, and the problem is 
reduced to the preceding. 

If the point F be taken in ^J^ produced, another para- 
bohi can be drawn, so that, in general, two parabolas can 
be drawn through four points. 

215. This problem may be treated difiEerently by help 
of the following theorem. 

Peop. III. I/from a point O, otUHde a parabola, a 
tangent DM, and a chord OAB he drawn, and if the dia- 
meter ME meet the chord in E, 

m 

OE^=OA,OB. 




Let P be the point E3f of contact of the tangent 
parallel to OAB, and let OM, ME meet this tangent in 
rand -P. 
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Draw TF parallel to the axis and meeting PMia F; 



then 



OA.OB : OJf' :: TP^ : TJiP 



;: TF* : TM*, 



since PM is bisected in F; 



also, 



TF : TM :: OB : OM; 
.-. OE*=OA.OB. 



Hence, if A, B, (7, D be the given points, and E, E\ 
F, F\ be so taken that 



and 



OE*=OE'^=OA.OB, 
OF^=OF'^=^OC.OD, 




EF and E'F' are dianaeters, and JTZ, the polar of 0, unll 
meet EF and j^'^F' in if^ N^ the points of contact of taa^ 
gents from 0. , 
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The second parabola is obtained by taking points in 
K^AC, and KBI> in the same manner. 

216. Prop. IV. Having given a pair qf conjugate 
diameters, PCP\ DCU^ it is required to construct the 
ellipse. 

In CP take E such that PE,PC=G£)^, draw PF 
perpendicular to CD and take FC equal to FO. 




About CEC describe a circle, cutting PF in G and G*; 

then PG . PG'=PE. PC= CD\ 

and GCG* is a right angle ; therefore CG and GG' are the 
directions of the axes and tiieir lengths are given by the 
relations. 

PG.PF=BG\ 

PG'.PF=AC^. 

We may observe that, O being the centre of the circle, 
AC^+BC=PF,PG + PF.PG' 
=2.PF.P0 
= 2.PC.PiV; 
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if iV be the middle point of CB, 

If PE' be taken equal to PE in GP produced, and the 
same construction be made, we shall obtain the axes of an 
hyperbola having CP, CD for a pair of conjugate semi- 
diameters. 

217. This problem may be treated also as follows. 
In PF^ the perpendicular on C!Z>, take 

pjr=pjr'=cz>, 

then PK^^PQ.PQ', 

and therefore K'GKG' is an harmonic range ; and GOG' 
being a right angle, it follows, Art. 181, that CG and CG' 
are the bisectors of the angles between CK and CK\ 

Hence, knowing CPand (72>, G and G' are determined. 

218. Prop. V. Having given the focut and three 
points of a conic, to find the directrix. 

Let A, B, Cf jS be the three points and the focus. 

Produce BA to 2) so that 

BD : AD :: SB : SA, 

and GBtoEyBo that 

BE : CE :: SB : SO; 
then DE is the directrix. 

The lines BA, BC may be also divided internally in the 
same ratio, so that four solutions are generally possible 

Conversely, if three points A, B, G and the directrix 
are given, let BA, BG meet the directrix in D and E ; 
then S lies on a circle, the locus of a point, the distances of 
which from A and B are in the ratio of AD to DB. 

S lies also on a circle, similarly constructed with regard 
to BGE; the intersection of these circles gives two points 
either of which may be the focuSk 
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219. Peop. VI. Having given the centre, the direc- 
tions of a pair qf conjugate diameters, and two points qf 
an ellipse, to describe the ellipse. 

If C be the centre, CA, CB the given directions, and 




P, Q the points, draw QMQ^, PLP' parallel to CB and 
CA, and make Q*M= Qif and P'L^PL. 

Then the ellipse will evidently pass through P' and Q', 
and if CA, CB be the conjugate radii, their ratio is given 
by the relation 

CA^ : cm :: EP,EP : EQ.EQ!, 

Set up a straight line ND perpendicular to CA and 
such that 

Nl^ : NP' :: EP.EP" : EQ.EQ', 

and describe a circle, radius CD and centre C cutting CA 
in A, and take 

CB : CA :: NP : ND, 
Then AN.NA':=ND\ 

and PIP : AN. NA' :: Cm : CA\ 

Hence C7^, CB are determined, and the ellipse passes 
through P and Q, 



from given Conditions. 



217 



220. Peop. VII. To describe a conic passing through 
a given point and touching two given straight lines in 
given points. 

Let OA, OB be the giyen tangents, A and B the points 
of contact, iVthe middle point oiAB. 




M (^ 



Isi Let the given point 2) be in ON; then, if 
ND— OD, the curve is a parabola. 

Bat if ND<ODy the curve is an ellipse, and, taking G 
such that OG, CN=^ Gn\ the point G is the centre. 

If ND>OD the curve is an hyperbola, and its centre 
is found in the same manner. 

2nd. If the given point be E, not in OiV, draw QEF^ 
parallel to AB^ and make FL equal to EL, 

Take K such that 

GE?=^QE,EFy 

then AJ^ produced will meet ON in i>, and the problem 
is reduced to the first case. 

To justify this construction, observe that if DM be the 
tangent at 2>, 

QE.GF : GA^ ;: DM^ : DA^ 

:: GK^ : GA\ 

so that GE. GF= GK\ 
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221. Psop. YIII. To draw a conic through five given 
points. 

Let A, B, C, 2>, E be the five points, and F the inter- 
sectioQ ofDE, AB. 




Draw CG^ CH, parallel respectively to AB and CD and 
meeting CD^ ABxaGsxidH, 

If F and G fall between D and E^ and F and ff be- 
tween A and ^, take GP in (7G^ produced and HQ in (7//^ 
produced, such that 

CG.GF : DG.GE :: AF.FB : DF.FE, 

and Cff.JIQ : AH,HB :: DF,FE i AF ,FB\ 

Then, Arts. (86) and (129), P and Q are points in the 
conia 

Also PGy AB being parallel chords, the line joining 
tlieir middle points is a diameter, and another diameter is 
obtained from CQ and DE. 

If these diameters are parallel, the conic is a parabola, 
and we fall upon the case of Prop. II. ; but if they inter- 
sect in a i)oint O, this point is the centre of the conic, 
and, having the centre, the direction of a diameter, and 
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two ordinates of that diameter, we fall upon the case of 
Prop. VI. 

The figure is drawn for the case in which the pentagon 
AEBCD is not re-entering, in which case the conic may be 
any one of three. 

If any one point fall within the quadrilateral formed by 
the other four, the curve is an hyperbola. 

In all cases the points P, Q must be taken in accord- 
ance with the following rule. 

The points (7, P, or (7, Q must be on the same or dif- 
ferent sides of the points G, or H, according as the points 
Dy Ey or B, A are on the same or different sides of the 
points G or B. 

Thus, if the point E be between D and F, and if G he 
between D and E, and H between A and J9, the points P 
and C will be on the same side of G, and (7, Q on the same 
side of ^, but if ^ fall outside ^ and J9, (7 and Q will be 
on opposite sides of H, 

Remembering that if a straight line meet only one 
branch of an hyperbola, any parallel line will meet only 
one branch, and that if it meet both branches, any parallel 
will meet both branches, the rule may be established by 
an examination of the different cases. 

222. The above construction depends only on the ele- 
mentary properties of Conies, which are g^ven in Chapters 
I, II, III, and IV. For some further constructions we 
shall adopt another method depending on harmonic pro- 
perties. 

Prop. IX. Having given two pairs of lines OA, 0A\ 
<ind OB, OB'y to find a pair qf lines OC, 0C\ which shall 
make with each cfthe given pairs an harmonic pencil. 

This is at once effected by help of Art. (185). 




which , ^ ^ , 

iiiYolution being the middle point of cc\ 
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223. Pbop. X. 1/ ttto points and ttDO tangents of a 
conic be given, the chord of contact intersects the given 
c/iord in one of two fixed points. 

Let OPy OQ be the given tangents, A and B the gi?en 




points, and C the intersection of AB and the chord of con- 
tact 

Let OC be the polar of O, and let AB meet 00 in D, 

Then O is on the polar of 2>, and therefore DBCA is 
an harmonic range. 

Also, being on the polar of 0% C'QOP is an harmonic 
range. 

Hence if two lines 0(7, 00' be found, which are har- 
monic with OA, OB, and also with OP, OQ, these lines 
intersect ^^ in two points C and D, through one of which 
the chord of contact must pass. 

Or thus, if the tangents meet AB in a and h, find the 
foci G and D of the involution AB, ab; the chord of con- 
tact passes through one of these points. 
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224. Prop. XI. Having given three points and two 
tangents, to find the cJvord of contact. 

In the preceding figure let OP, OQ be the tangents, 
and AyB,E the points. 

Find OCy OC harmonic with OA, OB, and OP, OQ-, 
also find OF, OG harmonic with OA, OE and OP, OQ, 

Then any one of the four lines joining {7 or 2>, to -F or 
G^ is a chord of contact, and the chord of contact and 
points of contact being luiown, the case reduces to that of 
Art. (220). 

Hence four such conies can in general be described. 

225. Prop. XIL To describe a conic, passing through 
two given pdints, and touching three given straight lines. 

Let AB, the line joining the given points, meet the 
given tangents QR, RP, PQ, in N, M, L, 




Find the fod C, D of the involution A, B and L, M\ 

Then the polar of P, YZ passes through C or D. 

Also find the foci, F, G, of the involution A, B, and 
^, N; then the polar of R, XY, passes through For G, 

Let ZX meet PR in T; then T is on the polar of Q, 
and Q F is the polar of T, 

Hence TXUZ is harmonic ; 

therefore MFVC is harmonic. 
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This detenninea F, and joining QF, we obtajn the 
point of contact F. 

Then, joining YO and YF, Z and X are obtained. 

Since either C or D may be taken with F or G^ there 
are in general four solutions of the problem. 



226. Prop. XIII. To describe a oonic, having given 
four points and one tangent. 

Let Af B^CyD\)Q the given points, and complete the 
quadrilateral. 




Then E is the pole of FG, and if the given tangent KL 
meet FG in JT, ^ is on the polar of K\ therefore tiie other 
tangent through K forms an harmonic pencil with KF^ 
KLy KE, 

Hence two tangents being known, and a point E in the 
chord of contact, if we find two points P, P' va Ay By such 
that KPy KP* are harmonic with KAy KBy and also with 
KLy JTX', we shall have two chords of contact EPy EP', 
and therefoi*e two points of contact for KL and also for KL\ 

Hence two conies can be described* 

We observe that if two conies pass through four points, 
their common tangents meet on one of the sides of the self- 
coigugate triangle EFG* 
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227. Prop. XIV. Given four tangents and one point, 
to construct the conic. 

Let A BCD be the given circumscribing quadrilateral, 
and E the given point. Completing the figure, draw LEF 




through ^and F, and complete the harmonic range LEFE'; 
then, since F is the pole of HG, Art. (197), J^' is a point in 
the conic. 

Also since K is the pole of FH, Art. 199, the chord of 
contact of the tangents, AB, AD passes through K, 

Hence the construction is the same as that of Art. 226, 
and there are two solutions of the problem^ 

228. Prop. XV. Given five points, to construct the 
conic. 

Let A, B,0,D, E he the five points, and complete the 
quadrilateral A BCD, 

Then H is the polar of FG, and FG passes through the 
points of contact P, Q of the tangents from H. 

Join HE, cutting FG in E", and complete the harmonic 
range HERE ; then E^ is a point in the conic. j 

Also AE, BE will intersect FG in the same point F, 
and E'A, EB will also intersect FG in the same point G\ 



224 The Construction of a Conic 

Bat GPFQ and G'PF'Q are both harmonic ranges"; 
therefore P and Q are the foci of an involution of which 
F, O and F', O' are pairs of ooiyugate points. 




Hence, finding these fod, P and Q, the tangents HP, 
HQ are known, and the case is reduced to that of Prop. Y II. 

Hence only one conic can be drawn through five points 

229. Prop. XYL Givenjive tangents, tojind the points 
qf contact. 

Let ABODE be the circumscribing psntagon. Con- 




sidering the quadrilateral FBCD, join FC, BD meeting 
in K. 
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Then, (Art 199), jE^ is the pole of the line joining the 
intersections of FB, CD, and of FD, BO; that is, the 
chords of contact of BF, CD, and of BG^ FD meet in K. 

Similarly if BG, ^(7 meet in £, the chords of contact of 
AB, CGy and of BG^ AG meet in L. 

Hence KL is the chord of contact of AB, CD, and 
therefore determines Jf, N the points of contact 

Hence it will bQ seen that only one conic can be drawn 
teaching five lines. 
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^CHAPTER XIL 

THE OBLIQUE CYLINDER, THE OBLIQUE CONE, 

AND THE CONOIDa 



230. Dkf. If a straight line, which is not perpendi- 
cular to the plane of a given circle, move parallel to itself, 
and alwajs pass through the circumference of the circle, 
the surfiEu» generated is called an oblique cylinder. 

The line through the centre of the circular base, parallel , 
to the generating lines, is the axis of the cylinder. 

It is eyident that any section by a plane parallel to the 
axis consists of two parallel lines, and that any section by 
a plane parallel to the base is a circle. 

The plane through th*e axis perpendicular to the base 
is the principal section. 

The section of the cylinder by a plane perpendicular 
to the principal section, and inclined to the axis at the 
same angle as the base is called a subcontrary section. 

231. Prop. I. The subcorUrary section of an MiqM 
cylinder is a circle. 

The plane of the paper being the principal plane and 
APB the circular base, a subcontrary section is DPE^ the 
angles BAE, DEA being equal. 

Let PQ be the line of intersection of the two circles ; 

then • PN.NQ or PN^=^BN.NA. 



But 



ITie ObUqm Cylinder^ &o. 
NB=ND, and NA^^NE; 
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and DPEk a drde. 

232. Pbop.il The section qf an oblique cylinder by 
a plane which is not parallel to the base or to a sttbcon- 
trary section is an ellipse. 

Let the plane of the section, DPB, meet any circular 
section in the line PQ, and let AB be that diameter of the 




circniar section which is perpendicular to PQ, and bisect 
PQ in the point F, 

Let the plane through the axis and the line AB cat the 
section BPB in the line DFE. 



Then 



PF^^AF.FB, 
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But if DE be bisected in C, and GKC be the circnlar 
section through C parallel to APB^ 

AF : FD :: CG ; CD, 

and FB ; FE :: CG ;CD; 




.-. AF.FB ; DF.FE ;: CG^ : (72)% 

hence, obserring that CG -> CjE", 

Pi?^ : DF.FE :: CiT* : CD^. 

But, if a series of parallel circular sections be drawn, 
PQ is always parallel to itself and bisected by DE; 

Therefore the curve DPE is an ellipse, of which CD, 
CKsre coigugate semi-^liameters. 

233. Def. If a str&ight line pass always through a 
fixed point and the circumference of a fixed circle, and if 
the fixed point be not in the straight line through the 
centre of the circle at right angles to its plane, the surface 
generated is called an oblique cone. 

The plane- containing the vertex and the centre of the 
base, and also perpendicular to the base is called the prin- 
cipal jsectioti. 

The section made by a plane not parallel to the base, 
but perpendicular to the principal section, and inclined to 
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the generating lines in that section at the 8am6 angles as 
the base^ is csdled a subcontrary section. 

234. Pbop. III. The subeontrary section qf an ob- 
lique cone is a circle. 

The plane of the paper being the principal section, let 




APB be parallel to the base and DPE a subcontrary sec- 
tion, to that the angle 

ODB=OAB, 
and OED^OBA. 

The angles DBA^ DBA being equal to each other, a 
circle can be drawn through BDAB, 

Hence^ if PNQ be the line of intersection of the two 
planes, 

DN.NE:=^BN.NA, 

=PN.NQ\ 

therefore' DPE is a drcla 

And all sections by planeis parallel to DPE'oxe drdes. 

Planes parallel to the base, or to a subcontrary sec- 
tion, are cs»lled also Cyclic Planet. 
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9S5. Fbop. rV. The section qf a com by a plane not 
parallel to a cydie plane it (m EUipee, Parabola, or By- 
perbola* 

(1) Let the section, DPE, meet all the' geneiatiDg 
linea on one side of the yertex. 




Let any drcular section cut DPE in PQ, and take 
AB the diameter of the circle which is at right angles to, 
and bisects PQ. 

The plane GAB wiSL cat the plane of the section in a 
line DNE. 

Draw OK parallel to DE and meetmg in K the plane 
of the circular section through D parallel to APB^ and 
join DFK. 

Then AN : ND :: KD : OK, 

and BN : NE :: KF : OK; 

therefore AN.NB : DN.NE :: KD.KF ; OK^, 
or PI^ : DN.NE :: KD.KF : OK^. 

But if a series of circular sections be drawn the lines 
PQ will always be parallel, and bisected by DEi 
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Therefore the curve DPE is an ellipse, having DE for 
a diameter, and the conjugate diameter parallel to PQ, 
and the squares on these diameters are in the ratio of 
KD.KFtoOK^, 

(2) Let the section be parallel to a tangent plane of 
the cone. 

If OB be the generating line fdong which the tangent 
plane touches the cone, and BT the tangent line at j9 to a 




circular section through B, the line of intersection PQ 
will be parallel to ^T, and th«*efore perpendicular to the 
diameter BA through B. 

Let the plane BOA cut the plane of tiie sectioiLia DN. 
Then drawing DJT parallel to AB^ 

BN=KD, 
and AN : ND :: KD : 0K\ 

therefore AN.NB : ND.KD :: KD : OK, 
or PIP : ND.KD :: KD : OK, 

and KDj OK being constant, the curve is a parabola 
having the tangent at D parallel to PQ. 
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If the plane of the aeetbn meet both brancheB of the 




oone, make the same oonfttraction as before, and we ahall 
obtain, in the same manner as for the ellipse, 

PIP : DN.NE :: DK.KF : OJSy, 

OJT being parallel to DE. 

Therefore, since the point N is not between the points 
2) and E, the canre DP is an hyperbola. 

Conoids, 

236. DsF. ffa conic revolve about one <if its princi- 
pal axes, the surface generated is catted a conoid, 

li the conic be a circle, the conoid is a sphere. 

If the conic be an ellipse, the conoid is an oblate or a 
prolate spheroid according as the revolution takes place 
about the coiyugate or .the transverse, axis. 

• * • 

If it be an hyperbola the surface is an hjperboloid of 
one or two sheets, according as the revolution takes place 
about the ooigugate or. transverse axis, and the surface 
generated by tiie asymptotes is called the asymptotic cone. 

If the conic consist of two intersecting straight lines, 
the limiting form Of an hyperbola, the revolution will be 
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aboat one o^ tiie lines bisecting the angles between them, 
and the conoid will then be a right drcnlar cone. 

237. Pbop. Y. a section qf a paraboloid by a plane 
parallel to the axis is a parabola equal to the generating 
parabola, and any other section not perpendicular to the 
axis is an ellipse^ 

Let PVN be a section parallel to the azii^ and take 




the plane of the paper perpendicular to the section and 
cutting it in VN. 

Take any circular section DPE^ cutting the section 
PVN\xiPNP\ 

Then PN is perpendicular to DE^ 
and PN*^DN.NE 

=^^S.Ac''4AS.An 
=4tAS. VNi 

therefore the curve VP is a parabola equal to EAD^ 

Again, let BPF be a section not parallel or perpendi- 
cular to the axis, but perpendicular to the plane of the 
paper; 
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Then, BN.NF=4SG. VN, OG being tlM diaibeter 
bisecting BF;, 

therefore PIP : BN.NF :: AS : SG, 

and the carve ^PiV is an ellipse. 

Moreover if the plane BF move parallel to itself 8G 
is onaltered, and the sections by parallel planes ar&simi' 
lar ellipses. 

In exactly the same manner, it may be shewn that the 
obKqae sections of spheroids are ellipses, and those of hy- 
perboloids either ellipses or hyperbolas. 

238. Prop. YI. TTie sections qf an hyperboioid and 
Us asymptotic cone by a plane are similar curves. 

Taking the case of an hyperboioid of two sheets, let 
J>PF^ dP'f^ be the sections of the hyperboioid and cone, 




P'Pi^T the line in which their plane is cut by a drcnlar see- 
tion GPK or gPk. 

Through D draw LDl perpendicular to the axis; then, 
since PiV^=GtiV.AJr, 
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and P'N^:=gN. Nk, 

P'lP : dN.Nfi: gN.Nk : dN.Nf, 

:: LD,ID : Dd,Df, 
:: BC^ : CE^ 

if (7^be the flemidiameter parallel to DF\ 

and PiV^ : DN.NF :: GN.NK : DN.NF 

therefore the cures DPP, ef P/ have their axes in the 
same ratio, and are similar ellipses. 

In the same manner the theorem can be established if 
the sections be hyperbolic, or if the hyperboloid be of one 
sheet 

239. Peop. VII. If an hyperboloid qf one sheet he 
etU by a tangent plane of the asymptotic cone, the section 
vnll consist of two parallel straigM lines. 

Let AQ^ A'Q^ be a section through the axis, CN the 
generating line, in the plane AQj along which the tangent 
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plane tenches the cone ; and PNP' the section with this 
tangent plane of a drcular section QPQ\ 

Then PN*=QN.NQ' 

^AC\ Art. (102); 

therefore if BCB' be the diameter, perpendicoLir td the 
plane CAQ, of the principal drcular section,. 

PN=BC and P'N^^BCi 
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therefore PB and P'B' are each parallel to CN; that is, 
the sectioii conaiata of two parallel straight lines* 



240. Prop. YIIL 7%« 9ecHon of an huperboloid of 
one sheet by a plane parallel to its axis, and touching the 
central circular section, consists qftwo straight lines. 

Let the plane pass through A, and be peipendicnlar to 
the radios CA of the central sec^on ; fig. Art (239). 

The plane will cat the circular section QPQ^ in a line 
BLR, and 

El^=QL. LQ'= QM^-AC\ 

if Jf be the middle point of QQf. 

But QBP-AC^ : CM^ :: A(P : BC^\ 

therefore BL : AL :: AC : EC-, 

hence it follows that AE is a fixed line ; and similarly AR 
is also a fixed line. 

It will be seen that these lines are parallel to the sec- 
tion of the cone by the plane through the axis perpendicu- 
lar to (7^. 

241. Fbop. IX. If a conoid he cut by a plane, and 
if spheres he inscribed in the conoid touching the plane, 
the points qf contact qf the spheres with the plane will 
be the foci of the section, and the lines qf intersection 
qf the planes qf contact with the plane qf section will be 
the directrices. 

In order to establish this statement^ we shall first 
demonstrate the following theorem ; 

If a circle touch a conic in two points, the tangent 
from any point qf the conic to the circle bears a constant 
ratio to its distance from the chord qf contact. 

Take the case of an ellipse, the chord of contact being 
perpendicular to the transverse axis. 

If EME' be^this chord, the normal E€^]& the radius of 
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the circle, and if PThe a tangent from a point P of the 
ellipse, 

^PIP^-NG^-E3P'MQ\ 




But EM^-PIP : CN^-CAP :: BC^ : AC\ 
and C7iV»- CAP=MN(<CM-¥ CN\ 

Let the normtd at P meet the axis in 4^1 
then NG^ :CN :: JJO* : A(P, 

and Jf6? : CM :: J9C7a : ^(7«; 

therefore NG'+MG : CN+CM :: BC^ : ^(7». 

Hence EM^-PIP^MNiNQ'-^MG). 

Also NQ^'-MQ^^ MN{NG + Jf6?) ; 

therefore Pr=MN{NG+MG)-MN{NG'-hJi£G) 

^MN. GG'. 

But W : CJf :: SC^ ; A(P, 
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ftnd CG^ : CN :: 8G^ : AC^\ 

therefore G& : MN :: NC^ : AC^. 

Hence PT^ : PI? :: /SO* : ^C«, 
PL being equal to JfiV. 

This being established let the figure reyolve round the 
axis AC J and let a plane section ap of the conoid, per- 
pendicular to the plane of the paper, touch the sphere at S 
and cut the plane of contact EE' in Ik. 

From a point P of the section let fiill the perpendi- 
cular pm on the plane EE\ draw mk perpendicular to Uc^ 
and join pk. 

Then pm : p^ is a constant ratio. 

Also taking the meridian section through P, pS is 
equal to the tangent from p to the circular section of the 
sphere, and is therefore in a constant ratio to pm ; 

Hence /^ is to Pk in a constant ratio, 

and therefore S is the focus and kl the directrix of the 
section ap, 

242. If the curve be a parabola, the proof is as follows : 

P'n=^PG^-EG^ 

=Pl!P^NQ^-EiP'-MQ» 

^MN(NG+MG)-AAS.MN 
=MN{NG + MG)-2MG.3iN 

It will be found that the theorem is also true for an 
hyperboloid of two sheets, and for an hyperboloid of one 
sheet, but that in the latter case the constant ratio of PT 
to PL is not that of SC to AG. 

243. The geometrical enunciation of the theorem also 
requires modification in several cases. To illustrate the 
difficulty, take the paraboloid, and observe that if the 
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normal at E cut the axis in Gy and if be the centre of 
currature at A^ 

AQ>AOy 

and the radios of the circle is never less than AO, 

This shews that a circle the radius of which is less than 
AO cannot be drawn so as to touch the conic in two points. 

We may mention one exceptional case in which the 
theorem takes a simple form. 

In general 

EG^=EM^+M€P=U.8{AM-^AS) 
^4AS.SG. 

Taking the point g between S and 0, describe a circle 
centre g and such that the square on its radius =4LiA$'. Sg, 

Also take a point F in the axis produced such that 

AF=- Og ; 

it will then be found that the tangent from P to the circle 
will be equal to NF. 

W-hen g coinddes with 8, the circle becomes a pohit, 

and AF:=^AS; 

we thus £b11 back on the fundamental definition of a para- 
bola. 

It will be found that if the plane section of the conoid 
pass through S, the point /S' is a focus of the section. 
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244. It heivg given that PN^ is to AN. NA in a 
eonitant ratio, and t)iat N lies between A and A'y toe can 
deduce as follows the existence (\f a focus and directrix 
for the eUipse which is the locus qfP. 

Bisect A A' in C, and draw CB perpendicular to AA\ 
and of such a length that BC* is to AC^ in the given 
ratio. 

With centre B and radius AG describe a circle catting 
A A' in S and 8', and prodnce CA to X, so that 

CX : CA :: CA : CS, 

then CS.SX=CS.CX''SC*^AC*-SC^=Cm 

Let PA, A'P meet in E and F the line throngh X 
perpendicular to AA'\ fig. Art. (65), 

then EX.FX :AX. AX :: PIP : AN. NA' 

:: BC^ : AC^, 

or EX.FX : BC^ :: CX^-CA* : CA^ 

:: CA^-CS* : CS^ 
:: CB^ : CS^ 
:: SX* : 05*; 

therefore EX . FX= SX% 

and ESF is a right angle. 

Let the perpendicular PX on FX meet J'^ in^Z and 
JSiS^in/, fig.Art.(63); 
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then PL : PK :: SA' : A'X, 

i: SA : AX, 

:: PI : PX; 
therefore PL=Pl=SP^ 

since LSI is a right angle, 

and SP : PK :: S'A : AX. 

246. Xf a circle roll on the inside qf the circumfer* 
ence qfa circle of double its radiusj any point in the area 
qfthe rolling circle traces out an ellipse. 

Let C be the centre of the rolling circle^ E the point of 
contact. 




Then, if the circle meet in Q a fixed radius OA of the 
fixed circle, the angle £CQ is twice the angle BOA and 
therefore the arcs £Q, EA are equal. 

Hence, when the circles touch at A^ the point Q of the 
roiling circle coincides with A^ and the subsequent path of 
Q is the diameter through A. 

Let P be a given point in the given radius CQ, and 
EPN perpendicular to OA ; 

Then, OQE being a right angle, EQ is parallel to BP 
and therefore CR = CP, and OB is constant. 

B.o.a IS 
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Also FN : EN :: PQ : OR; 

therefore, the locus of B being a circle, the locos of P is 
an ellipse, whose axes are as PQ : OR, 

But OR is clearly the length of one semi-axis, and PQ 
or OR is therefore the length of the other, OR, OR being 
equal to 0C+ CP and OC- CP. 

246. Properties of the ellipse are dedncible from this 
construction. 

Thus, as the circle rolls, the i>oint E is instantaneously 
at rest, and the motion of P is therefore at right angles to 
EP, t. «., producing EP to P, in the direction PO. 

Therefore, drawing PT parallel to OP, PT\a the tan- 
gent^ and PF the normal 

A circle can be drawn through EFQT smce EFT^ 
EQTare right angles ; but the circle through QPE clearly 
passes through R; therefore the angle ORT is a right 
angle, and 

ON : OR :: OR : OT, 

or ON.OT=OR», 

a known property of the tangent 

Again if PF meet OQ in G, the angles PQG, PFQ 
are equal, being on equal bases EQ, OQ'; 

therefore PG : PQ :: PQ : PF, 

or PG.PF=PQ^^OR^; 

a known property of the normal. 

247. A given gtraight line hcu its ends moveable on 
two straight lines at right angles to each other; the path 
of any given point in the moting line is an ellipse* 

Let P be the point in the moving line AB, and C the 
middle point of AB. 

Let the ordinate NP, produced if necessary, meet DC 
in Q; then CQ=CP and OQ is equal to AP, so that the 
locuj9 of Q is a circle* 



Also 
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PN : QN :: PB : OQ 
;: PB \ PA\ 
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therefore the locus of P is on ellipse, and its semi-axes are 
eqoal to AP and BP, 

248. Prom this constmction also properties of the 
tangent and normal are dedutible. 

Complete the rectangle QAEB; then, since the direc- 
tions of motion of ^ and B are respectiyely perpendicular 
to BA and EB, the state of motion of the line AB may be 
represented by supposing that the triangle BAB is turn* 
ing round the point B* 

Hence it follows that BP is the normal to the locus of 
P and that PT' perpendicular to BP is the tangent 

Let OF parallel to PT meet BP in F; then since a 
circle can be drawn through OFBB^ ^ 

the angle PFB=BOB=:PBG, 

and the triangles POB, PFB are similar* 

Hence PG : PB :: PB : PF, 

or PQ.PF^PS^t 

16— IS 
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where PB is equal to the semi-conjugate axis ; and, simi- 
hurly, by joining AF, it can be shewn that Pg . PF=AP^, 
g being the point of intersection of PG and AO, 

Again, « circle can be drawn round EQPB, and, since 
EPT, EBT are right angles, Tis on this circle, and there- 
fore TQE is a right angle. 

Hence OQN, and OQT* are similar triangles, and 
ON : OQ :: OQ : OT, 
or ON.OT=AP^, 

where AP is equal to the semi-transverse axis. 

249. Observing that the circle circumscribing the rect- 
angle passes through jP, we have 

PF,PE=AP.PB\ 

hence PE is equal to the semi-diameter conjugate to OP, 

This suggests another construction for the problem 
solved in Art. (216). 

Thus, if OP, 02>be the given semi-coigugate diameters, 
draw PjP perpendicular to 02), and in FP produced, take 
PE equal to OD. 

Jom OE, bisect it in (7, and take CQ equal to CP ; 

then OA^ OB drawn parallel and perpendicular to PQ, 
and meeting CP in A and B, will be the directions of the 
axes, and their lengths will bo equal to AP and PB. 
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MISCELLANEOUS PEOBLEMS. 



1. Given two fixed points of a conic and the directrix, find 
the locus of the focus. 

2. A line cuts two concentric, similar and similarly situ- 
ated ellipses in P, Q, q, p. If the line move parallel to itself, 
J'Q . Qp is constant. 

3. If the ordinate NP of a conic be produced so that 
NQ=SP, find the locus of Q. 

4. If a circle be described passing through any point P of 
a given hyperbola, and the extremities of the transverse axis, 
and the ordinate NP be produced to meet the circle in Q, the 
locus of Q is an hyperbola. 

5. PQ is one of a series of chords inclined at a crmstant 
angle to the diameter AB oi & circle ; find the locus of the inter* 
section of AP, BQ. 

6. If from a point T in the director circle of an ellipse, 
tangents TP, TP' be drawn, the line joining T with the inter- 
section of the normals at P and P" passes through the centre. 

7. The ordinate NP at any point of an ellipse is produced 
to a point Q, such that NQ, is equal to the subtangent at P; 
prove that the locus of Q is an hyperbola. 

8. OPi OQ, touch a parabola at the points P, Q; another 
line touches the parabola in i2, and meets OP, OQ in jS, T; if F 
l)e the intersection of the lines PT, &Q^ 0,BfV are in a straight 
line. 

9. On all parallel chords of a circle a series of isosceles tri- 
angles are described, having the same vertical angle, and having 
their planes perpendicular to the plane of the circle. Find the 
locus of their vertices; and find what the vertical angle must be 
in order that the locus may be a circle. 
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10. AK, BL are two parallel straight lines, AB perpendi- 
enlar to both of them ; take any point Q in BL, join AQ\ in AQ, 
produced if necessary, take a point P, such that if PN be 
drawn perpendicular io AK, PN is equal to BQ : shew that the 
loouB of P is a parabola. 

11. A circle always passes through a fixed point, and cuts a 
giyen straight line at a constant abgle, prove that the locus of 
its centre is an hyperbola. 

12. The diameter, through a point P, of a parabola^ meets 
the tangent at the yertez in Z ; the normal at P and the focal 
distance of Z will intersect in a point at the same distance from 
the tangent at the yertex as P. 

18. 8 and B being the foci, P a point in the ellipse, if Sff 
be bisected in L, and ALhQ drawn from the yertex cutting SP 
in Q, the locus of Q is an ellipse whose focus is 8, 

14. If normals be drawn at the ends of focal chords of a 
parabola, the locus of their point of intersection is a parabola. 

15. If the diagonals of a quadrilateral circumscribing an 
ellipse meet in the centre the quadrilateral is a parallelogram. 

16. A series of ellipses pass through the same point, and 
haye a common focus, and their major axes of the same length ; 
prove that the locus of their centres is a circle. 

What are the limits of the eccentricities of the ellipses, and 
Hrhat does the ellipse become at the higher limit % 

17. If PSp be a focal chord of a conic, Q any point of the 
conic, and if PQ, pQ meet the directrix in D and E, DSE is a 
right angle. 

18. Tangents are drawn to an ellipse from a point on a 
nmihur and similarly situated concentric ellipse; shew that if 
P, Q be the points of contact, A, A' the ends of the axis of the 
first ellipse, the loci of the intersections of A P, A'Q^ and of AQ, 
A'P are two ellipses similar to the given ellipses. 

19. If TP, TQ be two tangents to a parabola, such that the 
chord PQ is normal at P, 

PQ : PT :: PN : AN, 

PN and AN being ordmate and abscissa of P. 
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20. Draw a parabola which shall touch four given straight 
liues. 

Under what condition is it possible to describe a parabola^ 
touching five given straight lines ? 

21. Two equal parabolas have a common focus,' and, from 
any point in the common tangent^ another tangent is drawn t& 
each : prove that these tangents are equidistant from the common 
focus. 

22. Two parabolas have a common axis and vertex, and 
their concavities turned in opposite directions, the latus rectum 
of one is eight times that of the other ; prove that the portion of a 
tangent to the former, intercepted between the common tangent 
and axis, is bisected by the latte)*. 

23. The locus of the intersections of the focal distances of 
any point on an ellipse with the central perpendicular upon the 
tangent at the same point consists of two circles. 

24. Given two points^ a focus, and the eccentricity ; de- 
scribe the conic. 

25. PSp is a focal chord of a parabola, RD is the directrix 
meeting the axis in i>, Q is any point in the curve ; prove that if 
QPf Qp produced meet the directrix in R, r, half the latus rec- 
tum will be a mean proportional between DR, Dr, 

26. PQ is any chord of a parabola cutting the axis in L, 
R, Rf are the two points in the parabola at which this chord 
subtends a right angle : if RRf be joined, meeting the axis in X i 
LL' will be equal to the latus -rectum. 

27. If the internal an I external bisectors of the angle be- 
tween two tangents to a central conic meet the transverse axis 
in Q and T, shew that CQ . CT is constant. 

28. If the tangent at any point P of an hyperbola cut an 
Asymptote in T, and if SP cut the same asymptote in Q, then 

29. Tangents to an ellipse are drawn from any point in a 
circle through the foci, prove that the lines bisecting the angle 
between the tangents, all pass through a fixed point. 

30. PN is a semi-ordinate of a parabola, and AM vi taken 
on the other side of the vertex along the axis equal to AN] from 
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any point Q in PJV, QR h drawn parallel to the axis meeting the 
curve in JE; shew that the lines MR^ AQ will intersect in the 

81. The Yolume of a cone cat off by a plane bears a con- 
stant ratio to the cube, the edge of which is equal to the miuor 
axis of the section. 

82. A tangent to an ellipse at P meets the minor axis in t, 
and tQ is perpendicular to SP; prove that SQ is of constant 
length, and that if PM be the perpendicular on the minor axis, 
QM will meet the major axis in a fixed point. 

83. Describe an ellipse with a given focus touching three 
g^ven straight lines, no two of which are parallel and on the 
same side of the focus. 

84. Prove that the oonic which touches the sides of a tri- 
angle, and has its centre at the centre of the nine-point circle, 
has one focus at the orthooentre^ and the other at the centre of 
the drcumscribing drde. 

85. Oiveo a chord of a parabola in magnitude and position 
and the point in which the axis cuts the chord, the locus of the 
vertex is a circle. 

86. From Q the middle point of a chord PP' of an ellipse 
whose focus is S, QG is drawn perpendicular to PP' to meet the 
major axis in 0; prove that 2.S0 : SP+SP' :: SA : AX, 

87. An ellipse and parabola have the same focus and direc- 
trix ; tangents are drawn to the ellipse at the extremities of the 
major axis : shew that the diagonals of the quadrilateral formed 
by the four points where these tangents cut the parabola inter- 
sect in the common focus, and pass through the extremities of 
the minor axis of the ellipse. 

88. A straight rod moves in any nuumer in a plane ; prove 
that, at any instant, the directions of motion of all its particles 
are tangents to a parabola. 

89. If from a point T on the auxiliary circle, two tangents 
be drawn to an ellipse touching it in P and Q, and when pro- 
duced meeting the circle again in ^, q; shew that the angles 
PSp and Q/3q ars together equal to the supplement of PTQ, 

40. Tangents at the extremities of a pair of oopjugate dia- 
meters of an ellipse meet in T; pruve that ST, I^T meet the 
conjugate diameters in four points which lie on a drde. 
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41. From a point T in the auxiliary circle tangents are 
drawn to an ellipse, tonching it in /* and Q, and meeting the 
auxiliary circle again ia p and q; shew that the angle pCq i» 
equal to the sum of the angles PSQ and PI^Q. 

42. The angle between the focal distance and tangent at 
any point of an ellipse is half the angle subtended at the focus by 
the diameter through the point. 

43. Tangents to an ellipse, foci S and H, at the ends of a 
focal chord PHP' meet the further directrix in Q, Q,\ The para- 
bola, whose focus is 8, and directrix PP', touches PQ, P Q', in 
Qf Q^; it also touches the normals at P, P', and the minor axis, 

lid has for the tangent at its vertex the diameter parallel to 
PP". 

44. SiBtk fixed point, and E a point moving on the arc of a 
given circle ; prove that the envelope of the straight line through 
E at right angles to SE is a conic. 

45. A circle passing through a fixed point S cuts a fixed 
circle in P, and has its centre at ; the lines which bisect the 
angle SOP all touch a conic of which iS is a focus. 

46. Through a given point within a parabola draw a chord 
which shall be divided in a given ratio in that point. 

47. If a chord RPQ V meet the directrices of an ellipse in 
72 and Y, and the circumference in P and Q, then RP and Q Y 
subtend, each at the focus nearer to it, angles of which the sum 
is equal to the angle between the tangents at P and Q. 

48. The tangent to an ellipse at P meets the directrix, cor- 
responding to i9, in Z : through Z a straight line ZQ/2 is drawn 
cutting the ellipse in Q, i2 ; and the tangents at Q, R intersect 
(on 8P) in T, Shew that a conic can be described with focus 8^ 
and directrix PZ^ to pass through Q, R and T\ and that TZ 
will be the tangent at 2*. 

49. A sphere is described about the vertex of a right cone 
as centre ; ihe latera recta of all sections made by tangent planes 
to the sphere are equal. 

50. TP, TQ are tangents to an ellipse at P and Q; one 
circle touches TP at P and meets TQ, in Q and Q', another 
tfmches TQ, at Q and meets TP in P and P'\ prove that P(i and 
QP' are divided in the same ratio by the ellipse* 
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51. If the tangent at any point P cut the axes of tbe ciinre, 
produced if necessary, in T and T', and if C7 be the centre of tbe 
carve, prove that the area of the triangle TOT* varies inversely 
as tbe area of the triangle PON, where PN is tbe ordinate of P. 

52. The circle of curvatore of an ellipse at P passes throngh 
the focus 8f SM is drawn parallel to tbe tangent at P to meet 
tbe diameter of tbe ellipse in ^; shew that it divides this dia- 
meter in the ratio of 3 : 1. 

53. Prove tbe following construction for a pair of tangents 
from any external point 7* to an ellipse of which the centre 'w C : 
join CT, let TPCP'T a similar and similarly situated ellipse be 
drawn, of which CT is a diameter, and P, P' its points of inter- 
section with the given ellipse ; TP, TP* will be tangents to the 
given ellipse. 

54. In an ellipse BR, S'R, drawn perpendicularly to a pair 
of conjugate diameters, intersect in It ; prove that tbe locus of R 
is a concentric ellipse. 

55. An ellipse and confocal hyperbola intersect in P : prove 
that an asymptote of tbe hyperbola passes through the point on 
tbe auxiliary circle of tbe ellipse corresponding to P. 

56. Through a fixed point a pair of chords of a circle are 
drawn at right angles : prove that each side of tbe quadrilateral 
formed by joining tbeir extremities envelopes a conic of wbich 
the fixed point and tbe centre of the circle are foci. 

57. A conic section is circumscribed by a quadrilateml 
A BCD : A is joined to the points of contact of CB, CD ; and O 
to tbe points of contact of AB^ AD : prove that BD is a diago- 
nal of tbe interior quadrilateral thus formed. 

58. Any conic passing through tbe four points of intersec- 
tion of two rectangular hyperbolas will be itself a rectangpilar 
hyperbola. 

59. A focal chord PSQ is drawn to a conic of which C i-4 
tbe centre ; tbe tangents and normals at P and Q ii\|ersect in T 
and K respectively ; shew that ST, SP, SK, SC form an harmo- 
nic pencil. 

60. If two focal chords be drawn in a rectangular hyper- 
bola parallel to conjugate diameters the lines joining tbeir ex^- 
tremities will intersect on tbe asymptotes. 
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61. JZ is the middle point of a chord PQ of a rectangular 
hyperbola whose centre is C, Throng^ H, HQf, RP' are drawn 
parallel to the tangents at P and Q respectively, meeting CQt 
CP in Q\ P. Prove that a circle can be described about C, P'^ 

62. Common tangents are drawn to two parabolas, which 
have a common directrix, and intersect in P, Q : prove that the 
chords joining the points of contact in each parabola are parallel 
to PQ, and the part of each tangent between its points of con- 
tact with the two curves is bisected by PQ produced. 

63. An ellipse has its centre on a given hyperbola and 
touches the asymptotes. The area of the ellipse being always a 
maximum prove that its chord of contact with the asymptotes 
always touches a similar hyperbola. 

64. A circle and parabola have the same vertex A and a 
common axis. BA'G is the double ordinate of the parabolic 
which touches the circle at A'^ the other extremity of the dia- 
meter which passes through A ; PP^ any other ordinate of the 
parabola parallel to this, meeting the axis in N and the chord 
A B produced in R : shew that the rectangle between RP and 
RP' is proportional to the square on the tangent drawn from N 
to the circle. 

^6. If two confocal conies intersect, prove that the centre 
of curvature of either curve at a point of intersection is the pole 
of the tangent at that point with regard to the other curve. 

^^, Tangents are drawn at two points P, P on an ellipse. 
If any tangent be drawn meeting those at P, P^ ia R, R' shew 
that the line bisecting the angle RSRf intersects RR' on a fixed 
tangent to the ellipse. Find the point of contact of this tangent. 

67. Having given a focus and two tangents to a conic, 
shew that the chord of contact passes through a fixed point. 

68. Having given a pair of conjugate diameters of an ellipse, 
POP', DCiy, let PF be the perpendicular from P on CD, in PF 
take PE equal to CJ), bisect C£ in 0, and on CE as diameter 
describe a circle ; prove that PO will meet the circle in two 
points Q and R such that CQ, CR are the directions of the semi- 
axes, and PQ, PR their lengths. 

69. If from any point A a straight line AEK be drawn 
parallel to an asym.ptote of an hyperbola, and meeting the polar 
of ^ in iT and the curve in E, shew that AE=EK, 
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70. Two cones, whose Tertical aoglee are supplementary, 
are placed with their vertices ooinddent and their axes at right 
angles, and are cut by a plane perpendionlar to a common gene- 
rating line; prove that the directrices of the section. of one cone 
pass through the foci of the section of the other. 

71. PQ is a normal at a point P of a rectangular hyperbola 
meeting the curve again in <2, shew that PQ is equal to the dia* 
meter of curvature at P. 

72. The normal at a point P of an dUpse meets the curve 
again in P', and through 0, the centre of curvature at P, the 
chord QOQ' is drawn at ri^ht angles to PP'; prove that 

QO. OQ' : PO. OP ::2.P0 : PP'. 

73. From an external point T^ tapgents are drawn to an 
ellipse, the point of contact being on tHe same side of the major 
axis. If the focal distances of thote points intersect in M and 
N, TM, TN are tangents to a confocsl hyperbola, which passes 
through M and N, 

74. A point moves in a plane so that the sum or difference 
of its distances from two fixed points, one in the given plane and 
the other external to it, is constant. It will describe a conic, 
the section of a right cone whose vertex is the given extetnal 
point. 

75. If a triangle is self-conjugate with respect to each of a 
series of parabolas, the lines joining the middle points of its sides 
will be tangents: all the directrices will pass through 0, the 
centre of the circumscribing circle: and the focal chords, which 
are the polars of 0, will envelope an ellipse inscribed in the 
given triangle which has the nine-point circle for its auxiliary 
circle. 

76. If PP' be a double ordinate of an ellipse, and if the 
normal at P meet CP' in 0, prove that the locus of is a similar 
ellipse, and that the square on its axis is to that on the axis of 
the given ellipse in the ratio 

AC^-BC^ : AC*+B(P. 

77. If ST, HZ be focal perpendiculars on the tangent at 
P of an ellipse, and SY', HZ' perpendiculars on the tangents 
from P to a confocal ellipse, prove that the rectangle from 

YY' . ZZ' is equal to the difference of the squares on the semi- 
axes^ 
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78. Two points describe the circumference of an ellip*^, 
with Telodties which are to one another in the ratio of the 
squares on the diameters parallel to their respective directions of 
motion. Prove that the locus of the point of intersection of 
their directions of motion will be an ellipse, confocal with tha 
given one. 

79. By help of the geometry of the cone, or otherwise, 
prove that the sum of the tangents from any point of an ellipse 
to the circles of curvature at the vertices is constant. 

80. Three chords of a circle are drawn through a point on 
the circumference; with this point as focus and the chords as 
axes three parabolas are described whose parameters are inversely 
proportional to the chords. Prove that the common tangents to 
the parabolas, taken two and two, meet in a point. 

81. A parabola touches the three lines BO, CA, AB m 
P, Q, R, and through Jt a line parallel to the axis meets JtQ in 
£; shew that ABEC is a parallelogram. 

82. If^a conic be inscribed in a quadrilateral, shew that the 
locus of its centre is a straight line. 

Shew also that this line passes through the middle points of 
the diagonals. 

83. Any conic passing through four points has a pair of 
conjugate diameters parallel to the axes of the two parabolas 
which can be drawn through the four points. 

84. If two circles be inscribed in a conic, and tangents be 
drawn to the circles from any point in the conic, the sum or 
difference of these tangents is constant, according as the point 
does or does not lie between the two chords of contact. 
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and Seventeenth Articles of the Church of England. By A BISHOP'S 
CHAPLAIN. 8to. Bi.6d. 

Butler's Three Sermons on Human Nature, and 

Biasertation on Yirtoei Edited by the late W. WHEWELL, D.D. With 
a Prefiioe and a Syllabos of the WoriL Third Edition. Fcp. Bro. 8$. 6d, 

An EUstorical and Explanatory Treatise on the 

Book of Common Prayer. By W. O. HUMPHRY, B.D. Third 
and Cheaper Edition, rerised and enlarged Fcap. 8to. 4$. 6d, 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Berigned principally for the nie of Candidates 
for the Ordinary B.A. Degree, Students for Holy Orders, kc., with 
College and Senate-House Examination Papers. Bj the Bev. T. R. 
MASKEW, M.A. Second Edition, enlarged. 12mo. te. 

An Analysis of the Exposition of the Creed, writ- 
ten by the Right Reverend Father in God, J. PEARSON, D.D. late 
Lord Bishop of Chester. Comirfled, with some additional matter ooca- 
sionally interspersed, for the use of Students of Bishop's College, Cal- 
cutta. By W. H. MILL, D.D. Third Edition, revised and corrected. 
Svo. 6$, 

Hints for some Improvements in the Authorised 

Yenion of the New Testament By the late J. SCHOLEFIELD, M. A 
Fourth Edition. Fcap. 8vo. 4f. 

A Plain Introduction to the Criticism of the New 

Testament With 40 facsimiles from Ancient Manuscripts. For the use 
of BibUcal Students. By F. H. SCRIVENER^ M.A. Trinity College, 
Cambridge. 8va 16s. 

The Apology of Tertullian. With English Notes 

and a Preface, intended as an Introduction to the Study of Fatristical 
and Ecclesiastical Latinity. By H. A. WOODHAM, LL.D. Second 
Edition. Svo. 8«. 6d. 



IS CLASSICAL BOOKS PUBLISHED BY 
Plato. The Apology of Socrates and Crito. With 

Mole% Odtfeal and Bzifetical, by WILHBLM WAONSB» Ph. B. 

[Nearip rudjr 

.^Sschylus. Translated into English Prose, by 

F. A. PALBT. M.A. Editor of the Greek Text 8vo. U. ed 

^tna. Revised, emended, and explained, by 

H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 
9vo.St 9d, 

Aristophanis Comoediae superstites cum deperdita- 

mm fingmentis, additis aigumentis adnotatione critica, metrorum di>> 
eriptknie, onomaatico et tezicon. By the Ker. Hubbkt A. Holdbh, 
LL.D., Head-Master of Ipswich School, late Fellow and AafBtant Tutor 
of Trinity College, Cambridge. Third Editioa 

YqL I. containing the text expurgated with summaries and crikical 
notes, alio the fragments, 18«. 

The plays sold separately : Achamenses, 2r. Equites, It. M. Nubes, 
If. 6d. Vespae, it. Pax, It.M. Aves, 2t. Lysistrata et Thesnophoriazusae, 
it. Banae, 2r. Ecclesiazusae et Plutus, Sf. 

VoL IL Onomastioon Aristophanerm ocmtlnens indicem geogrft- 
l^cvm et historicvm, 5t. 6d. 

Demosthenes, the Oration against the Law of Lep- 

tines, with English Notes, and a Translation of Wolfe's Prolegomena. 
Edited by B. W. BBATSON, M.A. Fellow of Pembroke College, Cam- 
bridge. Second Edition. Small Sro. 9t. 

Demosthenes de Falsa Legatione. Third Edition, 

oarefully revised. By &. SHILLETO, A.M. 8vo. St.9d, 

Demosthenes. Select Private Orations o£ A£ber 

the text of DINDORF, with the Various Readings of REISKE and 
BEKKER. With English Notes. For the use of Schools. By C. T. 
PENROSE, A.M. Second Edition. Revised and corrected. 18mo. U, 

Euripides. Fabulse Qnatuor, scilicet, Hippolytus 

Ooronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Hanuscriptorum ac veterum Editionum emendavit et Annotationibus 
instruzit J. H. MONK. S.T.P. Editio nova. 8vo. 12«. 
8eparatelp—B.lppo]jtaB, 8to, cloth, 6t. ; Alcestis, 8to, sewed. 4f. 6d. 

Lucretius. With a literal Translation and Notes 

Critical and Explanatory, by the Rev. H. A. J. MUNRO, M. A. Fellow 
of Trinity College, Cambridge. Second Edition, revised throughout 
S Vols. 8vo. Vol. I. Text, 19t, VoL II. Translation, 6s, May be had 
separately. 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containing a Summary of the Ax^;ument By 
B. M. COPE, M.A. FeUow of Trinity CoUege, Cambridge. 8vo. 7«. 
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Plato, The Protagoras. The Greek Text, with 

SoglUbNotet. By W. WATTE, ILA. Sro. New Sdition. 

[In the Preu. 

Plautus. Aulularia. With notes, Critical and 

Exegetical, and an Introduction on the Plantian Metres and Proeody. 
By Dr WM. WAGNER. 8to. 0f. 

Propertius. The Elegies o£ With English Notes, 

and a Preface on the State of Latin Scholarship. By F. A. PALET, 
J1.A. With copious Indices. lOf.Gd. 



Propertius. Yerse-Translations from Book V. With 

a BeriBod Latin Textfand Brief English Notes. By F. A. PALEl^ M.A. 
Editor of Propertius, Oyid's Fasti, &c Fcp. 8vo. 8f. 



Theocritus, recensuit brevi commentario instruxit 

F. A. PALET, ICA. Crown Svo. 4f.6d. 

Virgil. The^neidof. Books I— 11. Translated 

into English Verse in the Spenserian Stanza. By EDWABD FAIE- 
FAX TAYLOR. SmaUSvo. Zt.Qd, 

P. Yirgilii Maronis Opera edidit et syllabarum 

qnantitates noro eoque fadli modo notaTit Thomas Jarrett, M.A. Lin- 
gnse Hebraese apud Oantabrigienses Professor Begins. 12f. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition, 
considerably enlarged. 8to. 16#. 

Without being formally based on any German Work, it has been writ- 
ten with constant reference to the latest and most esteemed of Greek 
Gramman used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition, 

considerably enlarged. 8to. 14f . 
The enlarged Edition of the Latin Gramihar has been pxepared with 
the same object as the corresponding work on the Greek language. 
It is, however, especially designed to serve as a convraient hand- 
book for those students who wish to acquire the haUt of writing 
Latin ; and with this view it is furnished with an Antibarbarus, with 
a full discussion of the most important synonyms, and with a variety 
of infonoation not genemUy contained in works of this description. 
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Yarronianus. A Critical and Historical Introdnc* 

tion to the Ethnography of Andent Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.D. 
Third Edition, reriBed and considerably enlarged. 8vo. 16t. 

The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama : with Tarious Supplements. 
By the late J. W. DONALDSON, D.D. Seventh Edition^ revised, 
enlarged, and in part remodelled, with numerous Ulustrations from 
the best ancient authorities. 8to. 14f, 

Classical Scholarship and Classical Learning con- 
sidered witii especial reference to Gompetitive Tests and UniverBity 
Teaching. A Practical Essay on Liberal Edugfition. By the late J . W. 
DONALDSON, D.D. Grown 8to. 

Translations into English and Latin. Bj C. S. 

OALYSBLBT, late Fellow of Christ's College, Cambridge. Small 8vo, 
7«.6(i. 

Amndines Cami : sive Musarum Cantabrigiensium 

Lusus CanorL Collegit atque ed. H. DBUET, AM. Editio quinta. 
Cr. 8to. 7e. ML 

Foliorum Silvula. Part the first. Being Passages 

for Translation into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Rev. HUBERT A. HOLDEN, LL.D., Head Master of 
Queen EUaabeth School, Ipswich. Late Fellow of Trinity College, 
Cambridge. Fifth Edition. PostSvo. U.M, 

Folionim Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. Arranged 
and edited by the Bev. HUBERT A. HOLDEN, LL.D. Third 
Edition. PostSvo. fo. 

Foliorum Silvula. Part III. Being Select Passages 

for Translation into Greelc Verse. Edited with Notes by the Rey. 
HUBERT A. HOLDEN, LL.D. Third Edition. PostSro. 8t. 

Folia Silvuloe, sive EclogsB Poetarum Anglicorum 

in Lfttinum et GrsBCum conversae quas disposuit HUBEBTU8 A. 
HOLDEN, LL.D. Volumen Prius. Continens Fasdculos I. II. 8vo. 

Foliorum Centurise. Being Select Passages for 

Translation into Latin and Greek Prose. Arranged and edited by 
tiie Rev. HUBERT A. HOLDEN, LL.D. Fourtii Edition. PottSro. 8s, 
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Greek Verse Composition, for the use of Public 

Schools and Private Student*. Being a revised edition of the Oreek 
Verses of Shrewsbury School. By the Bey. OEOBGE FBESTON, 
Jellow of Magdalene College, Cambridge. 



Accidence Papers set in the Previous Examination, 

December, 1866. 12mo. 6d, 

Cambridge Examination Papers. Being a Supple- 
ment to the Cambridge University Calendar, 1869. 12mo. 5#. 

Containing the various Examination Papers for the Tear. With Lists 
of Ordinary Degrees, and of those who have passed the Previous and 
Theological Examinations. 

The ExamincOUm Papers qf 1866, price 2f. 6<1» 1867 and 8, 8«. 6d. each, 

may still be had. 

A Manual of the Boman Civil Law, arranged 

accordmg to the Syllabus of Dr HALLIFAX. By O. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court 8vo. 12t. 

The Mathematical and other Writings of BOBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. 
Edited by WILLIAM WALTON, M.A. Trinity GoUege, with a 
Biographical Memoir by the Very Bevezend HABVEY GOODWIN^ 
D.D. Dean of Ely. 8vo. 16f. 

Lectures on the History of Moral Philosophy in 

England. By the hkte Bev. W. WHEWELL, D.D. Master of Trinity 
College, Cambridge. New and Improved Edition, with Additional Leo* 
tures. Crown 8vo. St. 

The Additional Lectura are printed separately in Octavo far the conve- 
nience of those %aho have purchased the former Edition. Price 8#. 9d^ 

A Concise Grammar of the Arabic Language. Be> 

vised by SHEIKH ALI NADT EL BABBANT. By W. J. BBA- 
MONT, M.A. Fellow of Trinity College, Cambridge, and Incumbent of 
St Michael's, Cambridge, sometime Principal of the English College, 
Jerusalem. Price U. 

A Syriac Grammar. By G. PHILLIPS, D.D., 

President of Queens' College. Third Edition, revised and enlarged. 
8vo. Is, 6d. 
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